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Abstract 

For the massless Nelson model we provide detailed information about the dependence of 
the normalized ground states \j/p t(T of the fiber single-electron Hamiltonians Hp i(T on the total 
momentum P and the infrared cut-off cr. This information is obtained with the help of the 
iterative analytic perturbation theory. In particular, we derive bounds of the form 



Ro-ll ^ 



o-<V 



for any multiindex /3, s.t. < |yS| < 2 and some function of the maximal admissible coupling 
constant Aq \-t 6^ s.t. lim^^o ^a - 0. Analogous bounds are obtained for the derivatives 
w.r.t. P of the ^-particle momentum wavefunctions of </>p j(T . These results are exploited 
in a companion paper to construct the two-electron scattering states in the infrared-regular 
massless Nelson model (in the absence of an infrared cut-off) along the lines of Haag-Ruelle 
scattering theory. 



1 Introduction 

In spite of tremendous progress in the mathematical description of scattering of light and mat- 
ter in the framework of non-relativistic QED [CFP07, DG04, Pi05, FGS04, Sp97, DK11], pro- 
cesses involving several massive particles ('electrons') remained untreated. This important gap 
in our understanding can be traced back to serious conceptual and technical difficulties arising 
at the multi-electron level. On the conceptual side, it is essential to follow the lines of relativis- 
tic scattering theory [Ha58, Ru62, Dy05], in spite of the fact that the 'bare electron', appearing 
in the model Hamiltonian, is a non-relativistic quantum-mechanical particle. In the presence 
of a fixed infrared cut-off [Fr] and for massive photons [A173] a suitable variant of Haag- 
Ruelle scattering theory was found long time ago. However, only in our recent paper [DP 12], 
this framework was generalized to theories with non-trivial infrared structure. In [DP 12] we 
constructed scattering states of two electrons in the infrared-regular massless Nelson model 
(without an infrared cut-off) and proved their tensor product structure. This result relies on 
detailed spectral properties of the ground states of the single-particle fiber Hamiltonians which 
encode localization of physical electrons in space. In the present paper we give a proof of these 
properties using the iterative analytic perturbation theory [Pi03, KM12, CFP09, BBP13]. Our 
spectral results will also be used in our future work on scattering of several infraparticles in 
the infrared-singular massless Nelson model. 
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Let H be the Hamiltonian of the massless Nelson model and H P be the usual fiber Hamil- 
tonians at fixed total momentum P (see definition (2. 1) below). The analysis of the spectrum 
of Hp was initiated in [Fr73, Fr74] and advanced in [Pi03] with the help of the iterative an- 
alytic perturbation theory. (Interesting results on the spectrum of the Nelson model with a 
slightly different form factor were also obtained in [AH12] by different methods). The results 
of the present paper go much beyond the existing applications of the iterative analytic per- 
turbation theory. In order to elucidate these improvements let us now discuss our findings in 
non-technical terms: Let Hpa- be the fiber Hamiltonians with an infrared cut-off cr > which 
have normalized ground state vectors ijtpo- corresponding to isolated simple eigenvalues E P ^. 
(The phases of tj/p^ are fixed by (5.24) below). Let {fp^qetSo be the ^-photon components of 
ij/p^a- The main result of this paper, stated precisely in Theorem 2.2 below, is the following 
estimate 

W<*> ^j^U) Htt- a.i) 



where /? is a multiindex s.t. < \/3\ < 2, V- is the form-factor given by formula (2.5) below, and 
Aq is the maximal admissible value of the coupling constant. The function Aq i-> 6^ satisfies 
lim^^o 8ao - thus the infrared singularity of this estimate as cr — > is very mild in the weak 
coupling regime. As explained in detail in [DP 12], this bound is a crucial technical input into 
the construction of two-electron scattering states. In particular, the momentum derivatives are 
needed in [DP12] to use the non-stationary phase method. 

Let us now provide some remarks concerning our proof of estimate (1.1). First, we recall 
that a convenient formula for fL has been derived in [Fr73, Fr74]. For q - 1, it has the form 

f^(k) = ~<n, {- 1 vg(£)W>- (1.2) 

l. tipper ~ Zp,o- + W > 

A straightforward estimate, exploiting that Ep-^v - E Pt(T > -(| + c|/l|)|&| (cf. Proposition 3.1 
below), gives 

< (1.3) 

where the constant c is independent of cr. Clearly, (1.3) is a special case of (1.1) for = 0. It 
appears to be much more difficult to obtain bounds with similar behaviour at small \lc\ in the 
case < |yS| < 2. To indicate various difficulties which have to be overcome to obtain such 
bounds, let us differentiate (1.2) w.r.t. P: 

dp.J^Qc) = <flj- 1— —-Up - k - P f ) - VEp^t- 1 — vgfflW) 

(np-^o- ~ Epo- + \K\ tip-k,o- ~ Ep >a + \K\ ) 

-^{k F I m ^WKfov)' (1-4) 

{Hp^ - Epjr + \k\ a I 

where Pf is the photon momentum operator. As for the second term on the r.h.s. of (1.4) the 
main task is to find a bound on the vector d Pj ij/p^ with a mild dependence on cr. We recall 
that the bounds from [Pi03] give only Holder continuity of P i-> \j/p t(r , uniformly in cr. With 
the help of the unitary dressing transformation Wp tCr , defined in (3.6) below, we obtain the 
following formula for d Pi \j/p, a 

dp.tptr = r P ff 1 (TpMp^ (i.5) 

Hp -tpjr 
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where Hp - Wp^Hp^Wp^ and (f> P(T = Wp^xj/p^. The expression T P(T , defined by the formula 

WpAP ~ PfWpo- = V£ P>cr - Fp^, ( 1 .6) 

has the property 0p tCr , (Xp^i^p^) = 0. The behaviour of the r.h.s. of (1.5) as a function of cr 
can be controlled with the help of the iterative analytic perturbation theory, and we obtain in 
Corollary 5.2 that 

1 _ . v c 



u„ w F -(r^)^ll<— , (1.7) 

where c is independent of cr and the function /lo i-» 6^ is as explained below formula (1.1). 
Thus, denoting by // the second term on the r.h.s. of (1.4), there follows, as in the derivation 
of estimate (1.3), 

1 cvZ(k) 

\II\ < -rr-^-. (1-8) 
cr dl o \k\ 

Concerning the first term on the r.h.s. of (1.4), which we denote by /, a crude estimate, as 
in the derivation of (1.3), gives 

cvZ(k) i cvZ(k) 

\I\ < < (1.9) 

\k\ 2 cr \k\ 

due to the additional resolvent and the fact that vZ is supported in \k\ > cr. Such a bound is 
much weaker than (1.1) and in fact it does not suffice for the purpose of constructing scattering 
states of several electrons. To improve on that, we make use of the Taylor expansion 

<Ap,o- = fyp-k,o- - k ■ ^P'^P',o-\p'=P", (1.10) 

where P" is some point between P and P — k. Let us denote by I\ and 1% the contributions to / 
which come from the two terms on the r.h.s. of (1.10). We have 

r l u 

= °(itrP { h„ . - Ep . + w « p - k - F '' - *M*^> 



r i u 

= °\ -liT Y W P~k,^ 77w Z ^E P . ha - VE Pj<r - Tp.^), Up_^>,(l.ll) 

V 1*1 / \H^_ ka .-Ep t(T + \k\ > 

where we made use of (1.5). After simple manipulations the term proportional to Tp-^a- can 
be estimated with the help of (1.7). The remaining part of (1.11) is handled using the fact that 
the second derivative of P h» Ep >a - is bounded, uniformly in cr, and therefore 

\VEp- kt(r -VE Pt(r \<c\k\, (1.12) 

(see Proposition 2.1 below). This additional power of \k\ controls the resolvent in (1.11) and, 
altogether, we get 

1 cvZ(k) 

\h\<—^—. (1.13) 
cr dl o \k\ 

It is easy to see that h satisfies analogous bound, since k appearing in k ■ V p>iffp',(r\p>=p» can 
be used to control one resolvent in / and ^p'i(/p\a-\p'=P" is estimated with the help of formulas 
(1.7) and (1.5). 
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The analysis of the second derivative of /| is considerably more involved. Apart from the 
bound in (1.7) we also need the following estimates (cf. Corollary 5.2) 

tip „. ~ np,cr n Pa ~ Zp,(r cr A Q 

1 \ 2 . , 



I 1 \ 2 /v-(k)\ 

(<V - d Pi d Pll E P ^{k)(- <n,^p_j^> = d^-r , (i.i8) 

\Ep-k.cr - Ero- + Ml \ W I 



^_^ / <^), feJ ,_, (1.15) 

where Qpa- = \<j>p,cr)0p,cr\, and a bound on the third derivative of P h-> Ep >a - of the form 

\4Ep,a\<-^-, ^1 = 3. (1.16) 

The argument proceeds similarly as in the case of the first derivative. However, a straight- 
forward computation of dpfip-Jp^ produces terms which violate the bound (1.1) and one has 
to carefully check that they cancel. Let us explain this aspect in the case q = 1: From for- 
mula (1.4) we get 

dp,d Pi ,f P(T (k) 3 (dis-dp^Ep^vZikXnJ- L ^] 2 >pp,<r). (1-17) 

By shifting \jjp^ as in (1.10), we obtain that the term on the r.h.s. of (1.17) gives, up to better 
behaving terms, 

1 \ 2 „ /v£(*)> 

^P-/t,o- - Ep )£r + |*| / V \k\ 2 

which is the undesirable behaviour encountered already in ( 1 .9) above. To exhibit the compen- 
sating terms, we note that 

, i Qp-k,cr + Qi k / si) 
dp,dp„f P Jk) 3 -<Q, —^((P-^-P^-Vi^X.- — — - x 

I tlp-k,a ~ Ep >a + \K\ np-k,cr ~ ^P,a + 1*1 > 

x((P -k-Pf)- VEp a ).- L -v^*)^), (1.19) 

Hp-k,a ~ Epo- + |*| 

where g/v = W^Qp.crW/v = l^o-X^I and gp.cr + = 1. The term involving in 
(1.19) is handled with the help of (1.14) after employing (1.6) and (1.10). The part of (1.19) 
proportional to Q P a - (and its counterpart with i, i' exchanged) exactly cancel the undesirable 
term (1.18) as we show in the proof of our main result in Section 6. 

Our paper is organized as follows: In Section 2 we state precisely our main results. In 
Section 3 we introduce the transformed Hamiltonians Hp and prove estimate (1.7). In Sec- 
tion 4 we derive formulas for derivatives of P t-> </>p j(T up to the second order and derivatives 
of P i-> Ep y(T up to the third order. It turns out that to control these quantities one needs bounds 
(1.14), (1.15), which are proven in Section 5. Section 6 is devoted to the proof of our main 
result. 
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2 Preliminaries and results 



In this section we state the main results of this paper which were announced already in Sec- 
tion 1.2 of [DP12]. 

Let bfl = L 2 (R 3 ,d 3 k) be the single-photon subspace in the fiber picture. Let T(I)fi) be the 
symmetric Fock space over and let us denote the corresponding (improper) creation and 
annihilation operators by b*(k) an b(k). The fiber Hamiltonians of the massless Nelson model 
at fixed total momentum P have the form 

H P = 1 -{P - Pfj 1 + Hi + J d 3 kv w (k) (b(k) + &*(*)), (2. 1) 

where Hf , Pf are the photon total energy and momentum operators 

ff f = f d 3 kaj(k)b*(k)b(k), P f = J d 3 kkb*(k)b(k). (2.2) 

To define the form factor we need to introduce some notation: Let S r be the open ball of 
radius r > centered at zero. Let % r € C^°(R 3 ) be a function which is rotationally invariant, 
non-increasing in the radial direction, supported in S r and equal to one on S(i_ g0 ) r , for < 
£o < 1. Let A > be the coupling constant and k > the ultraviolet cut-off which is kept fixed 
in our investigation. (For simplicity of presetation we will set k = 1). The form-factor is given 

by 

Va(k) := A — , (2.3) 

(2\k\)2 

where 5 > a > is a parameter which controls the infrared behaviour of the system. (For 
a = we say that the model is infrared singular, for a > that it is infrared regular). This 
parameter is kept fixed. 

Important role in the spectral analysis of the Hamiltonians Hp is played by their counter- 
parts with infrared cut-off cr e (0,k], given by 

#iV := \(P ~ Pff + Hf + J d 3 kv<L{k) (b(k) + b*(k)). (2.4) 

The form-factor vZ, which carries information both about the (sharp) infrared cut-off cr and 
(smooth) ultraviolet cut-off k is given by 

v w (k) := A ; — , (2.5) 

(2|*|)2 

where X[(r<K) (k) := l &lr {k)x K (k), & r := {k e M 3 : \k\ < r] and S' r = R 3 \S r . 

As our analysis concerns the bottom of the spectrum of the fiber Hamiltonians, let us define 

Ep :- inf cr(Hp), Epa- := inf criHpo-). (2.6) 

Since the model is non-relativistic, we are interested in small values of the total momentum P 
at which the electron moves slower than the photons. For this reason we consider P from the 
set 

S --{PeR'W^KP^} (2.7) 
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for some < P ma _ x < 1. Since we work in the weak coupling regime, we fix some sufficiently 
small Aq > 0, and restrict attention to A e (0, Aq]. The parameter Aq is specified in Proposi- 
tion 2.1 and Theorem 2.2 below. P max is set equal to 1/3 in Proposition 2.1 and reduced to 
^max = 1/6 in Theorem 2.2. 

In the following proposition we collect the results concerning Ep, Ep tCr which are needed 
in the scattering theory of two electrons in [DP12]. Many of these properties are known, but 
several are new, as we explain below. 

Proposition 2.1. Fix < a < 1/2 and let P max - 1/3. Then there exists Aq > s.t. for all 
PeS-~ S Pmax , A € (0, ^ ] there holds: 

(a) SbPh Ep is twice continuously differentiate and strictly convex. S 3 P i— > Ep t(r is 
analytic and strictly convex, uniformly in o~ e (0, k]. Moreover, 

\E P - EpA < ccr, (2.8) 
\a$E P J < c, \4 2 E P J<c, \4 3 E Pt(r \<c/^ (2.9) 

for multiindices fSj s.t. \f$j\ — j, j € {1,2, 3}. 

(b) For o- > 0, Ep fj is a simple eigenvalue corresponding to a normalized eigenvector if/p^o-* 
whose phase is fixed in Definition 4.1 below. There holds 

WtypjrW ^ el*** (2-10) 

for multiindices fS s. t. < |/?| < 2. 

(c) For a > 0, Ep is a simple eigenvalue corresponding to a normalized eigenvector \pp. 
Moreover, for a suitable choice of the phase of ipp, 

\\fa-fa,a\\<C(T°. (2.11) 

The constant c above is independent of a, P, A, a within the assumed restrictions. Clearly, all 
statements above remain true after replacing Aq by some Aq e (0, Aq\. The resulting function 
Aq i— > Si Q can be chosen positive and s.t. lim^ o ^ 6^ = 0. 

We give the proof of this proposition in the last part of Section 5. Large part of Proposi- 
tion 2.1 has already been established in the Nelson model or in similar models: The fact that 
5 3 P i-» Ep, S 3 P i-> Epjr are twice continuously differentiable and convex has been shown 
in non-relativistic and semi-relativistic QED in [FP10, KM 12, BCFS07] and in the Nelson 
model with a slightly different form-factor in [AH12]. The bound in (2.8) can be extracted 
from [Pi03]. The first statement in (b) has been established already in [Fr74]. Part (c) is im- 
plicit in [Pi03]. The bound on the third derivative of Ep t<T in (2.9) and on the first and second 
derivative of ij/p^ in (2.10) are new. 

Additional spectral information, needed in scattering theory of several electrons, is con- 
tained in regularity properties of the momentum wave functions of the vectors ippo-- Let us 
express \jjp^ in terms of its ^-particle components in the Fock space: 

<pP,cr = ifpJqeNo, (2.12) 

where J*^ € L^ ym (M. q ,d q k), i.e., each f^ a is a square-integrable function symmetric in q 
variables from K 3 . We introduce the following auxiliary functions: 

gl(k u ...,k q ) :=| | — — 2 , /c*:=(l-£ ) k, (2.13) 
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where c is some positive constant independent of q, <t, P and A within the restrictions specified 
above. Next, we introduce the notation 

9K nn :={JfceR 3 |/i <|fc|<r 2 }, (2.14) 

where < r\ < rq. Now we are ready to state the required properties of the functions : 

Theorem 2.2. Fix < a < 1/2 and set P' max = 1/6. Then there exists Aq > s.t. for all 
PeS' = & P > , A 6 (0, Aq] there holds: 

1 max' v ' yJJ 

(a) Let {fp^lqeNo be the q-particle components of tj/p^ and let he defined by (2.14). 
Then, for any P e S', the function ft is supported in J\.^ K . 

(b) The function 

S' x f£% 3(P;k u ...,k q )^ fljku ...,k q ) (2.15) 
is twice continuously differentiable and extends by continuity, together with its deriva- 
tives, to the set 5 ' x SK^. 

(c) For any multiindex f3, < < 2, the function (2.15) satisfies 

\fifijb,...,kj\ < 
\4f P(r (ku...,k q )\ < 
\d P .'d k ,f P(T (k u ...,k g )\ < 

where the function Aq h-» Ag has the properties specified in Proposition 2.1. 

We give the proof of Theorem 2.2 in Section 6. Parts (a), (b) of and estimate (2.16) in (c) 
can be extracted from [Fr73, Fr74, Fr] or proven using the methods from these papers. The 
key new input are the bounds in (2.17), (2.18) on the first and second derivative w.r.t. P with 
their mild dependence on the infrared cut-off o~. These bounds require major refinements of 
the iterative multiscale analysis from [Pi03] and constitute the main result of the present paper. 

Standing assumptions and conventions: 

1. We will denote by c, c', c" numerical constants which may change from line to line. 

2. Upper or lower indices i, i', i, i' = 1, 2, 3 denote components of vectors in K 3 . 

3. We denote by fa) the scalar product of two vectors fa, fa in a Hilbert space. 

4. The contour integrals are oriented counterclockwise. Moreover, we use the convention 

2m ^ ^ 

for a contour y. With this convention <f> dz/z = - 1 if y is a circle centered at zero. 

Jy 

5. The symbol B r denotes the set { k € R 3 : \k\ <r). 

6. Let Xr e C^°(1R 3 ) be a function which is rotationally invariant, non-increasing in the 
radial direction, supported in S r and equal to one on S(i_ eo ) r , for some fixed < eo < 1. 

7. The symbol f d 3 k stands for L ,„ d 3 kxi<(k)\k\ a , where k = 1 is the UV cut-off. 

8. The symbol ]'*d 3 k stands for f s d 3 kx K (k) 2 \k\ 2 ". 



i . i 



yjq\ cr° 6 o 

' 1 fer^fa,...,*?), 



(2.16) 
(2.17) 
(2.18) 
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3 Transformed Hamiltonians and their ground state 
vectors 



We introduce a sequence of infrared cut-offs 



cr n := K€*\ n € N , < e < - 



and the corresponding cut-off Hamiltonians at fixed total momentum and fixed ultraviolet cut- 
off k, i.e., 

J o 



H P ^ n = (P / f) + A f d 3 k—^={b(k) + b\k)} + H f . 



2 J a n 
We will also write Hp n :- Hp^ n and Ep iH := £p j0 - 
For n € {0} U N, we define the Fock spaces 



r 

TV 



= r(L 2 (R 3 ,d 3 k)), 

= rfL 2 ^ 3 ^,,,^)), 
= ^(s^xs^k)). 



In all these Fock spaces we shall use the same symbol Q. to denote the vacuum. Clearly, 
T n - T n -\ ® T\n~ l . For a vector i{/ in T n -\ and an operator O on T n -\ we shall use the same 
symbol to denote the vector tp ® Q in T n and the operator O ® lym-i on f n , respectively, where 

lyqn-i is the identity operator on T\ n ~ l (e.g., J ^d^kbik) ] T n - f K€ „- l d 3 kb(k) ® l^n-i). 

Proposition 3.1. Let \A\ be sufficiently small and \P\ < \. For all n e No the Hamiltonian 
Hp n has a unique (unnormalized) ground state vector tffp <n , corresponding to the ground state 
energy Ep n , that is defined iteratively by ifrp t o - Q. and, for n > 1, 

^P,n ■= £ TT ^ tyPfl-l, 7pm := \z„ 6 C I \z n - Ep n \ = ^1 . 

Jy Pt „ Hp,n -Zn \ 3 J 

The following properties hold true: The function sPh Ep >n is analytic for any fixed 
n e No- Moreover 

Ep-k, n -E Ptn >-(- + c\A\)\k\, keR 3 , (3.1) 

WEp n \ < i + c\A\, (3.2) 
Ep n < Ep^ n -\, (3.3) 
|£>,„_i - £>,„| < c AE A 2 o- n - l , c AE > 1, (3.4) 

Gap Hp,, 1 T n = inf < (Hp n - E P , n )-£-) > ^, (3.5) 
4,±^ Pj „^r„ ||0|| \\(f>\\ 3 

where cae is a universal constant. 

Proof. This set of results can be easily extracted from [Pi03] and [Fr73]. For the first inequality 
in (3.2) see also [BDP12]. □ 

Next we introduce the transformed Hamiltonians and some related formulas that will be 
needed in Lemma 3.10 and for the proof of Theorem 3.12. These definitions have been intro- 
duced in [Pi03]. 
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Definition 3.2. Let us introduce the Weyl operators: 



U'/>.„ := exp(-.! \ - f {*<*)-&*(*)}), (3.6) 



V2>| 



W P ,„ exp(-^ f -^r-^ -{&(*)-&*(*)}), (3.7) 



where ap„(k) :- (1 — & • V£p„). The transformed Hamiltonians and the intermediate Hamilto- 
nians are given by 

: = Wp, n ffp,„w; in , 0.8) 

- ^^^^J,^,,^, (3.9) 

respectively. 

Lemma 3.3. [Pi03] The transformed Hamiltonian has the form 



T 2 r 



-2 

= 1^+1 d 3 ka P ,„(k)\k\b*(k)b{k) + Cp", (3.10) 



where 



P,n := iip,« 7" ; — : , (3.11) 



d 3 kk 
^2\kfia P Jk)' 



Up n := Pf-xf + (3.12) 



P 2 1 r d i k 

<£" := — - V - V£ P „) 2 - W . (3.13) 

P 2 2 V P ' n> J a 2\k\*ap, n {k) 

Lemma 3.4. [Pi03] The resolvent of the intermediate Hamiltonian (3.9) satisfies 



1 1 00 i 

1 * Vf-r/WVi-l * w n 14-1 

AW _ tjW , A „ 1(1-1 _ / / / !» W W , a _ _ ' ' V- 3 - 1 ^ 

tl pn - Zn M p, n -\ + Ac P\" ~ Z " j^Q H P,n-\ + ACp '« ~ Zn 



where the expansion in (3.14) requires A 2 e < cfor some universal constant c less than 1, and 

"TV - icr^-i-cxir'+flr'i+h.o+icxir'+i"!;" 1 ) 2 . o-is 



II <• • 

Y 

" r "-' d x k 



jr 1 := A 2 I d 3 k — , (3.17) 

' a n 2\k\Ha P ^(k)] 2 



Acpir 1 := -A 2 f _ " " ; , . (3.18) 

J o 



\n-\ ._ ,2 ( 

cr„ 2|&| 2 a/>„(£) 



Remark 3.5. We warn the reader that // 7 |£ depends on P, although this is not reflected by 
our notation. 
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Lemma 3.6. [Pi03] We define 



Q 



± . 

P,n ■ 
± 



1 - 



I<Ap,«>(<A 



P,n\ 



Q P ,n 
Qp,n 
Qpn 



UpJ 2 

= WpMpn^hv 

= Wp n W*Q$w P , n W* 



There holds the equality 



i m , + ac 

P,n-i 



1 oo 

cp\ n n -'-w n ii [ ~ lln H" 



Qpn = Q ± Pn- l -(p dw, 

Lemma 3.7. [Pi03] We recall that Up n is given by (3.12) and define 

Upn := Wp, n W* Pn Up n W P , n W* Pn . 

There holds 



1 



+ Ac P \ n n 1 - w„ 



(3-19) 

(3.20) 
(3.21) 

(3.22) 



.(3.23) 



(3.24) 



n P .„ - n 



Rn-1 



'"J 



d 3 k k(b(k)+b*(k)) 

V2>|3/V»-iW 



,2 T'-i . V £p„ + * • V£ P , n _!)(2 - k ■ VEp n - k ■ VEp^J 



£ f 

2 J a 



d*k- 



\k\ 3 [apn~i(k)ap n (k)] 2 
Lemma 3.8. [Pi03] We recall that Tp in is given by (3.11). We define 



A P,n 

Arpir 1 

ATpir 1 



= Wp n W* Pn Tp n Wp, n W* Pn , 

- rp„-rp„_i, 



There holds 



or, in other words, 



ATpir^ATpir+xir, 



rp >n _! = -v£p,„_! + v£p„ + xir 1 + Jir 1 - 



•iji-i 



. (3.25) 

(3.26) 
(3.27) 
(3.28) 

(3.29) 

(3.30) 



Remark 3.9. Form now on we require that the distance between Ep t „ and Ep^ n -\ be smaller 
than a fraction, say j, of the radius of the contour path yp n+ i because this will be needed in the 
proof of Theorem 3.12. From (3.4) we get the following constraint on the coupling constant 



2 1 1 

cv£/f cr n -\ < - ■ - • cr„ +1 



Lemma 3.10. Define 



H 



w+ 

P,n-\ 



HW + Ac P \" n -\ 



y n l In /mix 



^(r P ,n-i ■ car 1 +Jir 1 )+h.c), 

(Hfl", l )mix ~ (XI" 1 + ?\n 1 ) • ^P,n-l 

^xKrp^O^Xir 1 ),], 



v / m /quad 



In - ( H I \n )mix - ^(-^n + 1 U ) 



(3.31) 

(3.32) 
(3.33) 

(3.34) 
(3.35) 
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For any < e < j, let < |/1|^ 2 < g^- &e sufficiently small such that Proposition 3.1 holds. 
Then, for w n € yp„ and z n +\ £ 7p,h+i, the following estimates hold true for universal constants 
c ,c 2 , ■ ■ -,c 5 : 

1 . c 1 ^ c o 



{TpMt„ < 11-^ (r^-D/lk < ^, (3.37) 

ttw^ Crir'Mk. Il^r ^fir'lk^caUl'. (3-38) 

- W P,«-1 - w « 

TTwT-^ (^r 1 )*!^. UtTwT^ H^T l \\ rn <c 2 \A\K (3.39) 

H P,n-l Z " +1 H P,n-\ Zn + l 



{Tp^-MZ^Mn <c 2 \m, (3.40) 



I 



rz „ , — w n 
P,n-l " 



(«f C _1 )quadlk * (3.41) 



' • -rWin-1 ! 



A^flDmixlk < C A Wcr n -U (3.42) 



Xir'llk * csW'cr,,-!, (3.43) 

[ w^T — ~ // / W| «" 1 ' ^ UttwT — £l »" 1] 7JwT — — H T\ n n l Wr« 

H Pn-l ~ W n H P,n-i ~ W n H p„-l ~ W n 

+ ttuWT ^TV , JTn^Wn * c s \Xp<r n - X QM) 

H u . — W n 

P,n- 1 " 

Estimates (3.43) and (3.44) still hold if-C\„ is replaced with its creation part r + '. 

Proof. These estimates are straightforward using the gap estimate in (3.5) and standard opera- 
tor inequalities. □ 

In the following we will assume Proposition 3.1, Lemma 3.10, and \A\ < —. 



Corollary 3.11. For \A\ sufficiently small the ground state vectors (pp n and $p n of the Hamil- 
I w and H w 

i pn una n pn , 



tonians and , respectively, are iteratively defined by 



4>p,n+i '■= S ^ z " +1 p;?) ^ pn .- Wp n W* Pn 4>p n , (f>p fi :- O. (3.45) 

Moreover, 

\VEp n . Y - VEp n \ < ciW 2 tr B _i + ||-^- - T^^Wl (3-46) 

life 1 1 life-ill 

Proof. Estimate (3.46) can be shown following the proof of Lemma A.2 of [Pi03].n 
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Theorem 3.12. For any 8, with \ > 6 > 0, there exist e{8) > and A m3X = A max (e(6)) > such 
that for < e < e(6) and \A\ < A max : 

sup ll-7vir- (^p,n)i<f>p,n\\ < —g, i= 1,2,3, 



i) 



ii) 

Wh,n + l-<PpJ<\A\*0-l- S , 

Hi) 

n+l j . 

Il^n+lll > 1 -2^{|^|V)} > -. 



7=1 



Proof. The claims in i), ii), and iii) are by definition at the n+ 1-th step and they will be denoted 
as c-i), c-ii), and c-iii), respectively. At the ?i-th step they will be denoted as assumptions a-i), 
a-ii), and a-iii), respectively. 

Claim-i) (Here we show the implication: a-i), a-ii), a-iii) — > c-i)) 
We use the unitary operator Wp^ n W* Pn to switch from the given expression to the expression 
with 'hats' 

II (TpnUpJ = \\w P , n wp tn (r P ,„) ( ^ >B || = || — - {tpJihAl 

P,n Zn+1 P,n Zn+l Pn ~ 

We proceed with the full expansion of c/>p n , , and (fp„),-, i.e., we study 

oo oo 

X X 9 dw ^-nWT—_ (-^firY-i^ OVi + Arpir 1 ), x (3.47) 

l=Ql'=() J yn H P,n-\ Zn + l H P,n-l Z ' !+1 

> V + ' w (-)H7\T l f ' - fcn-t- 

H P,n-l - W " H P,n-l ~ W « 

By splitting ATptf' 1 into 

ATpir'+Jir 1 

and using (3.36) (3.38) and (3.39), we can write 

OO OO f A 1 

( 3 - 47 ) = ZZ<J> dw "( H w + - (~<ir 1 } / x (3.48) 

/=0 l'=0 J ypj> n P,n-\ n P,n-\ Zn+1 

x(r P ,„_! + ATpir 1 ),!^ (r)Hf ir 1 }''-^ 0p,„-i 

(3.49) 

with 

ll^n-lll < cr n T c 2 W r • — • ( 3 - 5 °) 

\-c 2 \A\2 l-c 2 \A\2 <r„ 

Next we split the term in (3.48) into 
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oo 

2 — I K-)^f G^T^— }'(Tp,n-i + ATpir 1 ),^-! (3.51) 

'=0 H P,n-l Z " +1 H P,,i-l Z " +1 

CO CO ~ j j 

+ : K-Xir 1 ^ I'x (3.52) 

/=() /' = i ^7P,n °P,n-l °P,»-1 z " +1 



x (T^., + ATpir 1 ),!-— |-y * <pP,n- 1 ■ 

W P,n-l - W « W P,n-l - W » 



Term (3.51) 

We re-write this term as 

°° 1 1 

(-^G" 1 }'^— + ATpir 1 )^-!- (3.53) 

/=0 H P,«-1 Z ' t+1 H P,n-l Z " +1 

As for the term in (3.53) proportional to (ATp|„ ); (see (3.28)) notice that: 

1. In m" -1 )i only the term proportional to the creation operator, i.e., (X|» -1 )- , gives a 
nonzero contribution that can be bounded by (see (3.39)) 



sup 



1 2« u^^^^-s^^T*^ 



P,n-1 <■"+' Pji-l 
1 



<— l —T-C2\W. 

2. The contribution coming from —VEp^-i + VEp^ n can be bounded by 

-P,„ +ie r,, +1 { 2« IK^^H^irnil'l^^ljct^V^ + life - ^ 



1-C2W 

where we have used (3.46) and a-ii), a-iii). (Notice that ||$p >n || = ||0p >n || and > 
\\<pp n \\ because of (3.45)). 

As for the term in (3.53) proportional to Tp n -i, its norm is bounded by 

su Pz „ +ier/> „ +1 { zzo iit^=^(-X irMii'ii^z^^-i^-iii} 

<r r f£+1 'i Cr 

— ^ 1 J_* ■ 

Here we have applied a-i) by observing that 

II ^ 7 (I>,„-i),-fen-ill (3.54) 

~ " jW+ , (Tpfi-l)i^P,n-l + r,w+ 1 , — ~ Z n ) „w} Tp,n-l)i<t>Pji-l\\ 



n Pn-l " 
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and (recall that {<f>p >n -\, (yp,n-\)i^p,n-\) - by construction) 

II w+ (Zn+l ~ Zn)\\r n -ie<Pp,n-i ^ ce > ( 3 - 55 ) 

H P,n-\ Zn + l 

II w+ (^P,n-l)i4>P,n-l\\ < c r \\ w — (rp, n -l),-0P >n -l||, (3.56) 

H P,n~l Zn H P,n-\ Zn 

where c r is a universal constant. 
Hence 

||(3.51)|| < l — ■ \A\hc2 + l — ■ — - Cl • RV„_! +A\A\^a\~^ + (^LL)-^. 

l-c 2 U|5 \-c 2 W l-c 2 U|2 %-l 

(3.57) 

Term (3.52) 

Firstly, we notice that the norm of the term proportional to AT/>|" _1 , i.e., 



oo oo 1 1 

ZZ<f> : (-jgfir 1 )' „w + - 

1=0 l' = l J yp,n n P, n -\ Z " +1 "iVi-l 

wf 1 t MjWin-l)/'-! 1 / MjWm-1 1 . 

'77^ — ^T (_) 7 1 77^ — ^T (_) 7 '» 77^ — ~^ p -"- 1 

H P,n-l ~ W " H P,n-\ ~ W " H P,n-l ~ W " 



is bounded by 



n i 



l-c 2 \A\l <T,,+I l-nW " 

< c c 2 \A\k— '—fi^-c^n-i +4\A\Zo-l- 6 ] + c 2 \A\h (3.58) 



where we have used a-ii) and a-iii). 

As for the term proportional to Tp^i, i.e., 



00 00 /"• 1 1 

ZZ <f> ** v+ - (-)gfir 1 )' HW+ (Tp^ x 

/=0 /' = 1 J yP* n P,n-\ Zn+l n P,n-l Zn + l 

xl-^WT- (-^YlT 1 } 1 '- 1 -^- (-^TIT'tTWT- t^n-i (3-59) 

«P„_1 - Wn H P,n-l ~ W » W P,n-l ~ W " 



for each summand in the series 



1 

Z*f/W+ 

l'=l 11 P,n-l 



-(-)«/ l„ ) 77^ (-)«/ \ n 77iv+ ~^ n ~ x 



W n tl P,n~\~ Wn tl P,n-\~ Wn 



consider the first operator HY\" 1 from the right 

fffir 1 = 5(^-1 • cxir 1 + Jir 1 ) + + (#f ir'w 

It can be written as 

(Xir 1 + Jir 1 ) • r P) „-l + A^fir^mix + (#f ft" 1 W 
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The contribution proportional to A(#f l^ -1 )^ + (tfflJT^quad in (3.59), i.e., 



j_n r/_i ^T/ 



/=() /' = l H P,n-l z " +1 H P,n-l 
1 , . w.^_i 1 



x{^r- — (-x^rir 1 )}'' -1 ^ 

x (-){A(//fir l ) mi x + (#r irVdi-^ — fe-i (3.60) 



is bounded in norm by 



(Tn—^ ■ ^--L-rictW* +c 3 |4)cr„_ 1 f L 

l-c 2 U|2 Cr " +1 1-C2H|2 °" 

< cl(c 4 + C3 )m^(— ^) 2 , (3.61) 

U <T " +1 1-C 2 |i|2 



where we have used (3.37), (3.41), and (3.42). 

As for the contribution proportional to (-CIJT 1 + ilJT 1 ) • ^p, n ~u i.e.. 



CO CO ~ 

1=0 i'=i ^yp.n 



1 . . - t Wm-1\1 ' 



H P,n-\ Z " +1 Z " +1 



x 'ttw+~ — (-^fir 1 /- 1 -^ — -hut 1 +/ir 1 )-rp,„-i x 



W P,n-l - W « 



0p„-i, (3.62) 



we split it into two pieces. The norm of the summand proportional to I\^ 1 • Tp A -\ can be 
easily estimated in terms of 

o-n— l — ■ ■ ^-cM\ 2 o- n -i su PlVn _ £ 3 , , IIttwt 1 — (l>,„-l)/0i>,„-l||^ (3.63) 

i- C2 u|2 1-C2W2 " +1 • ; H P,n-r w " CT " 

< c2(— L^)2 . (Sri) . C/W 2 . (3 64) 

1-czHia " +1 %-j 

where we have used that \I n n ^\ < cj\A\ z cr n -\, cj being a universal constant. As for the other 
summand, we take the operator (X|„ );', i' = 1,2,3, next to (Tp„_i),-. In this operation, for 
1' > 1 , we use the commutators 

[{-^ — c-wf ir 1 /- 1 -^ — . or 1 ),] (3.65) 

H P,n-l ~ W n H P,n-l ~ W n 

= I^ttwt 1 — c-^firY- 1 . art]^ — < 3 - 66 ) 

H Pn-l~ Wn H P,n-l~ W n 

+ <77wT^ (-^r'f-^TTwT- ' (3-67) 



1 " P,n-1 



The expression in (3.66) is identically zero for I' = 1. For I' > 2, we study the commutator in 
(3.66) 

[{flW^-^firV- 1 , (Xir 1 )/'] (3-68) 
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— f 1 < \T]W \n—\\V —2.\ 1 / \zjW\n-\ i r\n—\\ 1 

— I rriv+ _ (, > n i \ n i ) n I In ' \-<~\n n 

n p^i w " LM p,n-i w " 1 

-(-X -WET 1 . (Xir )i' K oirr^rH^/ g v 



and write 



oo oo 

£ Z 9 ^" { ^ - c-^nr 1 ^ x 0.69) 

7=0 V=\ J yr." n P,n-l Zn+l n P,n-l Zn+l 

as 

3 oo oo _ 

Z Z Z 9 — H^e -1 }'^— — (-)(r^- 1 ) i (Xir 1 )f x 

j'=l /=0 l'=l J yP« M P,n-\ Zn+l M P,n-l Zn+[ 

X{ TJWT- H^fir 1 }''- 1 -^ {Tp^i,— - (3.70) 



3 oo oo _ 

- Z Z Z <p dw ^T7wr^ — ir'j'T^— — (-)(rp, n -i) ( <£ir 1 ) ! " x 

i'=l /=o /'=! J r/=,» H P,n-l H P,n-\ Zn+l 



H ptl~ W n H P,n-l~ W n H P,n-l~ W " 

X 1 fe-! (3.71) 

oo oo /'-2 „ . j 

+ Z Z Z <f> _ (-)gfir 1 )' w+ _ ctp^ x 

;=0 /'=2 ;=0 yp," n P,n-\ n P,n-\ Z "+ l 

x ' — r^rir 1 }''- 2 -^-^^ — c-xir 1 . war 1 *] x 

X| 77w^ H^ln" 1 }^-!);'-^ 0^-1- (3-72) 

H P,n-l ~ W " H P,n-l ~ W n 

Invoking (3.37), (3.40), (3.44), (3.43), (3.56), the norm of (3.69) can be finally estimated by 



1 I 1 v 1 Co 

o-„ -_-c 2 W r c r sup VII— ^ (rp,„-i),v0p >n -i||— 

1 - C2W2 1 - C2I/II 2 w„ey,>„ ,v =1 #p >n _l _ w n 

1 ... 1 



1 c 

+ Cn 1 fC 2 |/l|5 ^ r C5\A\--(T n -lCr SUp VII— yy (rp,„-l)i'0p,„-l|| 

l-C2|/l|2 l-C2|/l| 5 vv„ey ft , ; , =1 Hp n -[- w n °~n 

1 c 



1 00 

r„ r • — • {Y /'(|/l| W" 1 ) • c 5 |^|^„-i- 

l-C 2 |/l|3 °"n+l ^ 1 



c o . ,,,1/2 x 1 3c r 



■ C2|A|2 °"« 

< ^^•C2U|5(l+c 5 U| 1/ V„_ 1 ) (3.73) 

l-c 2 U|2 l-CiW^ 

1 Co 1 9 1 1 Co 

+cr„ r-— ( r) csM'o-,,-! -— . (3.74) 



\-C 2 W °~ n+1 \-c 2 \A\2 \-C 2 W cr n 
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The sum of all contributions (3.50), (3.57), (3.58), (3.61), (3.64), and (3.73), yields 

(T n rC2\A\ 2 r 

\-C 2 \A\2 \-C 2 \A\2 °~n 

+ r • \$c 2 + r ' — 'Ci- [iV„_i + 4\A\*cr l n - s ] 

\-c 2 W \-c 2 W °~n+l 

CCTq + 1 c r 

+ ( r)— 

\-c 2 W °ll 

+c C2|A|2( r ) 2 {— ClRV n _! + AW vir*] +c 2 \A\ J } 

l-c 2 |A|2 cr«+l 

■H&C4 + c 3 )UI^(^-^) 2 + cli-^-^f ■ £±±) ■ C! \A? ■ J* 
(Tn+l \-C 2 \A\2 \-C 2 \A\2 0"n+l 

+ ^-T ■ C2\A\h + c^a,^) ■ — L_i£L 



\-c 2 \A\2 l-c z \A\2<C-i 

1 co , 1 , 2 .... I cn C® 



1 - C 2 \A\2 Vn+l 1 - c 2 \A\2 1 - C 2 \A\2 °~n cr 6 ni 

for some universal constant C®. 

Thus, by choosing £ < e(6) :- minf,; (1/C®)'} and 

Umax! 1/2 <(€ 2 (S)/6C VE ) 

we have proven that c-i) is implied by a-i), a-ii), a-iii). 

Claim-ii) (Here we show the implication: c-i) — > c-ii)) 
We assume e - e(6) and \A\ < A^^. We set m := n + 1 and start from the difference 

4>p,n+l - $P,n 

= E<f> dw ^ H w + 1 w (-^YC-'r 1 x 

X TTwT ( _ )K-C|m 1 + I\m l ) • Tp,m-1 + &(HY + \m l )mix + (^/^Im ^quad] X 

P,m- 1 

1 

<pP,m-l- 



The contribution proportional to A(Hj \™ )ma + (fly \Z ! )quad is bounded in norm by 



1 I Co 
0~m " • (CaW +C3\A\)cr m -l . 

\-c 2 \A\2 v. 



in 



We can rewrite the rest as follows 
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5 ,m- 1 



X Z (Tp,m-l)i'</>Pj, 

H p,m-\- w "' 



P,m-\ 

X hW+ ,„ (Tfiw-lVfen-la 

where £+ w _j := + Acp^" 1 . Notice that < c/U|V m _! and 

HUC -1 )S' +) 7^ (I^-i^fe-ill < cWtr M _i||-= (Tj^-O? ^-ill, 

^P.m-l _ W >n H P, m -l ~ W m 

where we exploited that ((-£|^ -1 )-, )* annihilates vectors from T~ m -\. Hence by using (3.44) 
and by applying c-i), we can estimate 



llfe+1 - fell ^ — r ' ( C 4UI^ + C 3 \A\)(r m -i 

\-c 2 \A\2 



,3c ■ c/|/l| 2 o- m _i 3c 3c i i c r 

+ i + r •cl'ikm-i + r c 5\ A \ 2(r m-i — 5 — 

1-C 2 U|2 1-C2|yl|! l-czWS J <_i 



for some universal constant C^"\ and finally 

llfe+i - fell < M'trJ 

for 



i 1-5 



|A| < = min« ax ; [— ] 4 



1 



Claim-iii) (Here we show the implication: c-ii) and a-iii) — > c-iii)) 
We assume e = and |/l| < = min{/l^ ax ; [^] 4 }. By construction, the difference 

fe+i ~ fe+i equals to 

, ~ A L„ +1 Wk)-b'(k)} £ Wk)-b'(k)) 

(e V2 W i ffp .„ + ,(H g V^^m -l)fe +1 . (3.75) 

By using Froehlich's formula (see [Fr73]) 

bfcWp* = = - 7T. ~ fan 

V2j^f E Pt „ - \k\ - H P - kM 

and (3.2), the norm of 

C K dk C K dk 
Uxp(-A — {b(k)-b*(k)}) exp(i — {b{k)-b*{k)})-l)4> P , n+l 

J cr„ +1 y/2\k\?a Pn+1 (k) J o-„+i y/2\k\?a Pn (k) 

(3.76) 

can be estimated less than 

c|A||VE P>n+ i - V£ P>n ||lncr„ + i|||fe + i|| < c|>l|ci|lncr„ + i|[AV„ + \\ f/ ,n+ \, - ;n^l|]||fe + il 

llfe+ill life 1 1 

< c|/l|ci|lncr„ + i|[/l 2 cr„||0/> in+ i|| + ||fe + i - fe|| + Hlfell - ||fe + l|||] 

< c\A\ Cl \kio- n+l \[A 2 o- n + 2\A\*o- l n - s ] 

< C {iii) Wo-l- d \\no- n+l \, 
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where we made use of the fact that ||0/>„+iH < 1 and C ( "'^ is some universal constant. Thus we 
can estimate 

H0P,n+lll ^ \\<f>P,n\\ ~ ifen+l - - H0P,n+l ~ 0P,nll 

> fell - C m \A\*(rl- S \foo- n+1 \ - Wct]- 6 . 

If we finally set 

\A\ < <W - nm{4uL; (C( , 70)4 ) 

it follows that c-ii) and a-iii) imply c-iii). 

The claims are therefore proven for all n provided \A\ < A max because, for n = 0, c-i) is 
trivially fulfilled and c-ii), c-iii) hold true for \A\ < A msa . 

Corollary 3.13. For \A\ < 

Amax the sequence of (unnonncilized) ground state vectors {<t>p^n\nss 
is convergent as n — > oo with \\<f>p, n \\ > \. 



4 Derivatives of the ground state vector 0> n and the 
ground state energy E Pn 

In this section we start by deriving the first and the second derivative with respect to P of the 
normalized ground state vector \pp^ n . Consequently we can provide the derivatives with respect 
to P of the ground state energy Ep >n up to the third order. The steps below are justified because 
the family of operators {Hp^} PeR 3 is analytic of type A and the eigenvalue Ep n is isolated (see 
Proposition 3.1). 

Definition 4.1. We denote 

h,n ■■= K,nhn, (4-1) 

where <pp n := (f>p n /\\(f>p,n\\ and (p Pn is defined in (3.45). The vectors \jj P ^ n and i{fpn/Wpn\\, where 
if/p t n is defined in Proposition 3.1, belong to the same ray but may differ by a phase. 

Below we set <9,- := dp r A simple calculation yields 

dih,n=S dzTT- ("X p - p i)i-FT- fo*> ^ 

J yp „ Hp n - z Hp n - z 



and 



drdtfa = <p dz—t- (-XP-Pfo—l (-XP-Pfk-s-^ <Ap,„ (4-3) 

>yp,n H Pn - Z tlpn - Z tlpn - Z 

dz-r± (-)(P - Pf)i-=— (~)(P - Pf)i> -rr— h» (4.4) 

jy P „ tlp n - Z tlp n - Z, tlp n - Z, 

+ £ dz—t- (-)(P-Pf)i— x (4.5) 

x£ d/u—^- (-)(p-p f ) f _i fi P>n (4.6) 

Jy P<n npn - fJ. tlpn - [1 

= £ dz—^ — (-XP-Pdv-^ — (-)(P-Pf),7r-^ — h,n (4.7) 

Jyp.« H 



Ip,n ~ Z H P n - Z Hpj, - Z 
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+ £ dz—^- (-)(P-P f ),~ i-XP-Pdi'TT^ fo» ( 4 - 8 ) 

Jy P/l tip,n ~ Z ri Pn - z ri Pn - z 

+fan(<Pp,n, (P ~ Pi)i— ^^(P ~ Pf)i'h,n). (4.9) 

(H P>n - Ep n ) 2 

Using the identity 

W P>n (Pf - P)W* Pn = T P>n - VE Ptn (4.10) 

we compute the first and second derivative of the ground state vector \j/p^ n and their transfor- 
mation under the unitary operator Wp n . In detail we obtain: 

Wp,Mp n = Wp n £ dz—^ (-XP-Pf),-— i ^ (4.11) 

Jy Pjl tip n - Z np n - Z 

= £ dz-J—iTp-VEp^-^—^ (4.12) 

JjP* H p, n ~ Z H P,n ~ Z 

1 



- t . VpMp* (4-13) 

Hp n ~ Ep n 

and 

Wp, n di,di[h,n\ = £ dz-J- (Tpn-VEpnY-^- (T Pt „ - VEp n )~ fc n (4.14) 

Jyp„ H p t „ ~ z H P , n ~ Z H pn - z 

+ £ dz-J- (Tp n - ^E PA )~ (I>„ - VEp n ) ir -J- &» n (4.15) 

JjP* M P, n ~ Z H P,n~ Z H P,n~ Z 

+ S dz-^—^-VEp^-^—X (4-16) 

•Jypji H p,„ z ti Pn z 

X £ dn (I>,„ - VE P ,„) V —J- P> „ 

Jyp,n M p ttl - V M p, n ~ V 

= W QP '" (I» 1 - {TpnUpn (4.17) 



*P,n ~~ "P,n 



+ zjW p Vp*>< h W p Vr,n)i><Pp,n (4.18) 
M P,n ~ E P* H P,n ~ E P^ 

-fanifan, (Tp,„)i> A ^P,n)ih,n) (4.19) 
^ H P,n ~ E P>n> 

-<f>P,n(<t>P,n, (^P,n)i ~ "T ^P,n)i> <Pp,n) (4.20) 

^ H P,n ~ E Pv> 
1 _ 1 



„„ ., -(V^),— —(XpMp^ (4-21) 

tlp n ~ Ep n H pn - tp n 

-T^^'h^^'^ (422) 

( H P,n ~ E P,nY 
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+ tTjVf l — , 7 (V£p> (Tpjih* (4-24) 
( H P,n ~ tp > n > 

+^P,n(^P,n, (Tpjdi — W — -^(^P,n)i'4>P,n) (4-25) 

\Hp n - tp 7n Y 

Qp n 1 </ 

= ziW ' p FpA'TjW —( T P,n)i<PP,n 

tlp n - tLp^ n H P,n~ p > n 

Qpn 1 

+ w '— (Fpn)i —w — VP,n)i> </>P,n (4-26) 

H Pn - H Pn - Ep n 

~(/>P,n(<f>P,n, (Fp,n)i' — ~ — -j(^P,n)i4>Pn), 

where 

• (4.17), (4.19), (4.21), and (4.23) come from (4.14); 

• (4.18), (4.20), (4.22), and (4.24) come from (4.15); 

• (4.25) comes from (4.16). 

As for the derivatives of the ground state energy up to third degree, by exploiting symmetry 
under rotational invariance one finds for some fixed index i - 1, 2, 3: 

VEp n = (fa n , (P - Pffl/p.) (4.27) 



df Pl E P , n = l + 2((£ dz——(-)(P-Pf)i——h,n,(P-Pf)ih,n>\ P=l p l p i 

.7-i/n.. tlP.n Z tlp_n Z 



yp.ii 



1 - 2((Tp n )i (f>P,„, — (Xp,n)i^P,n)\ P= \p\p. (4.28) 

Hp ~ £>,„ 



^—(-XP-Pfii—l 

y Pj , Hp,n - Z tlp n - Z 



d* Pl E P , n = 2<(J) dz T1 - - (-)(P-Pf)i - - -J fp,n, (P-Pf)i* 



X (1) dz— (-)(P - Pf)i— <p P ,n)\ 



JP.n 



Hp,„ - z Hpji - z 



\p=\p\p, 



■1-2(2 <t) dz—^ (-)(P - Pf),~ (~)(P - Pf)i x 

he,n Hpji - Z tip n - Z 



X -r— &P,n, (P ~ Pi)i^Pn)\p = \p\p i 



Hp„ - z 

„ —H(P ~ Pf)i-^- 

y P „ tlp n - Z tlpn - Z 

X £ dfl-— (-)(/> - Pf); — fan, (P ~ Pf)ih,n)\ P= mp. 

./•v„_ tlp„ - u tlp„ — a 



+2(£ dz TT 1 -_ (-)(P - Pf)i - 1 x 

Jy, 



iy Pn ^P,n~M tlp n -IJ. 

The third derivative has the form 



d^E Ptn = 2<(h dz—^ (Tprdi—w (-Wp.n-VEp^X 

>yp* H p - z H p - z 



1.1 



21 



J rp,» H p,„ _ z rt p„ _ 



X Q) (Tp,n)i-77w " 4>P,n)\p=\ P \P. 

1 



+2(2 (f) (r P> „ - VE P , n )i—^ (Tp M - V£ Pi „); x 

^7P,n "p,n~ Z "P,n~ Z 

x T7w ( _ Xrp, n - V£'p„) ! '0p„>|p = |p|p | . 

^*P,n ~ Z 

+2< (f) Jz-j^— (r P ,„ - VE Ptn )i —3— x 
Z tl p z 



X 



^TrW ^ P '" ~ ^ Ep > r ^ i TrW~ ^ P ' n ' (~^ r P," ~ ^ E P,n)i<i>P,n)\p = \p\p, 

jp,n H P >n -V H P,n-V 

(4.29) 



The first term on the r.h.s. of (4.29) gives 

1.1 



2< <p <fe— (TpJi-~ 4>p,n, HCTjv, - V£ P ,„) ; - x 

J ro. " p,„ _ z _ z 

X(£ dz ~W (^P,n)iTrW ^M\P=\P\P, 

JyP, H P,n - Z #Pn - Z 

1 1 v 

- 2 <77vi7 (Fpn)i<Ppn, (-Wp,„-VE P>n )i—yy (Tpn)i<f>P,n)\p = \p\p r (4.30) 

ti pn -kp n ti pn - Ep n 

The second term on the r.h.s. of (4.29) yields 

+2(2 <£ dz—J- (T P ,„ - V£ P>n )~ (r P>n - VEp n )i x 

Jyp* H P,n~ Z H P,n~ Z 

x -"iy <Ppn, (-)(Tp,„ - V£ , p„),-0p„)| p= |p|p. 

"P,n ~ Z 

r 1 i i 

= 2(2 (p <iz— ^ (Tp,„)i—^ (!>,„);- — —<pp n , (~Wp,n ~ VEp n )j<pp n )\ p=lPl p. 

•Jyp.,, tt pn - Z tl pn - Z £p,n Z 

r i i l 

+2(2 (p dz—yj {-VEp n )i— {Tp n )i— P>n , (-)(r P> „ - VEp n )j(f>p n )\ p=lPlPi 

Jyp.„ H pn - z H Pn - z H Pn - z 

Xi i i 

+2<2 (t) <5?z— (Tp, n )i— (-VE Ptn )i— 4>p n , (-)(r P>n - V£ P> „)i0 P> „)|p = |p|p. 

W P,« ~ Z H P,n - Z H P,n ~ 2 

2fi^, 1 

= 2 (— ^ T, — ( T P,n)i-Tw — (Tp,n)i<Pp,n, (~)(Tpji ~ V£p,„)i0p,„>|p = |p|p. (4-31) 

r/ — Ep n H n — Ep n 

P,n r ' n P,n r ' n 

1 V 

+2(-)<2(rp„),— — — — (rp,„);0p ; „, (f)p n )(^pn, (-)(Tp„ - V£'p, ! ),-0p„>|p = |p|p.. (4.32) 

(H Pn - E P<n y 

The third term on the r.h.s. of (4.29) gives 

+2<(rp ( „)j— — — — (Tp tn )i^p t „, <f>p t „)((f>p t n, (-)(Tp,„ - VEp in )i(f>p in )\ p .p,p.. (4.33) 

Consequently 

d? P Ep : „ = 2(— ^ — (Tp n )i4>p n , (-)(rp„ - VEp tn )i— ^ — (rp M ) ! -0p M )|p = |p|p i . 

H pn - % fip n - cp, B 
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2 Qp,n 1 
+ 2<— 7T — (!>,„),•— — (Tp,n)i<f>P,n> ( - )(Tp,« - V£ , p ) „);0p j „)| p= |p|^ j 

+ (-)<2(rp ( „),— = — - — — (rp >B ),-^p >n , 0p, n )<0p, n , (-)(rp,„ - v^p^),-^)^^ 

1 1 

- 2 <— — - — (rp,„)/0p,„, (-)(rp„)j— ^ — - — (rp, 1 ),-0p„>|p = | P |p i (4.34) 

Hp n - Ep tlt H pn - Ep >n 

1Qp n 1 

+ 2(— — (TpjOi—fi — {Tpn)i<t>p,n, (-)(rp,„),-(/>p„>|p = |p|p.. (4.35) 

Thus, in order to control (4.27), (4.28), and (4.34)-(4.35), it is enough to derive suitable bounds 
on the norm of the vectors introduced here below. Note that ||(rp„),-0p„l| is bounded from above 
uniformly in n. 

Definition 4.2. We define the vectors 

d) 1 
<Pp n ■= ~w — (Tp,„)/0p,„ 

H P,n ~ L P," 



and 



/) Qpn 1 



5 Norm bounds on the auxiliary vectors (p^ n and 



max 



Theorem 5.1. For any \ > 8 > there exists e{8) > e*(6) > and A max > X 
/l max (e*(<5)) > such that for < e < e*{5) and \A\ < A* max : 

1 1 1 

sup II TTvTI M w _ , ( r Pn)i4>pJ ^ — , (5-1) 

Z„+uz' n+l ey Pin+ i ti pn Z n +\ tl pn Z n+l CT n 



Qp,n 1 1 

SUP II rrW _' ^P'^ ttW _ / ( T P,n)i'M\\ < ~- (5-2) 



Proof. The inequalities in (5.1) and (5.2) are manifestly true for n - because (rpo),0po = 0. 
Therefore we just assume that (5.1) and (5.2) are fulfilled for n — 1 (n > 1) and we prove that, 
consequently, they hold for n. The proof by induction is similar to proving claim i) in Theorem 
3.12. Thereby the proof will be sketched and it will be focussed on the new ingredients. 

We use the unitary operator Wp A W* Pn to switch from the given expressions to the corre- 
sponding expressions with 'hats' 



,, w 1 I H w 1 Z ( r P>n)i"/>P,n\\ = II pw 1 m 1 (T/>,,W/>,,|i. (3-3) 

n P,n n P,n Z n+\ " P,n ~ Zn+l " P,n ~ Z n+l 



Qp n 1 Qpn p 1^/v 

"( r ^n)i'T^7 ; VP,n)i'<t>P,n\\ = II : (XP,n)i-^T, ; (Tpji)v9pJ\- 



n Pn Zn+l n pn z n+l n pn z n +\ n pn z n+l 

(5.4) 
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We proceed with the full expansion of Qp„, 3>p n , -gvr . an d (f p n )i- We get, in particular, 

1 1 * . 

ffW _ 7 fjW _ 7 r FpJrfp* ( 5 - 5 ) 

oo oo co ~ 1 1 

= ZZZf dw ^ H w + - (-Xir 1 )' w+ x (5.6) 

1=0 l>=0l»=0 J 7n n P,n-\ n P,n-l 

— {(-)^rir 1 — =7 — — i r x (5.7) 

P,n-l P,n-l \+\ 

x(Tp,„-i + ATp^U—^ ^hYIT 1 } 1 "-^ (5-8) 

The strategy is to get either 

1 1 



TTW _ TTW _ t 

n P,n-\ Zn n P,n-\ Z » 

or 



jCr^-i); i = 1,2, 3 



u -(yp,n-\)i— r( r ^,n-i)'' 1.2,3 



„yy _ v .... ... „ w _ , 

"iVi-l Z " n P,n-l Z « 

in front of the vector (pp n -i on the very right and to use the inductive hypothesis. For this 
purpose, we have to elaborate on two tools already exploited in the proof of Theorem 3.12: 

i) The use of the resolvent equation as in (3.54) with the crucial estimates (3.55) and (3.56). 

ii) The splitting of the expression in (5.5) into two quantities, where in one them the operator 
C£|" _1 )i', i' = 1, 2, 3, coming from the first on the very right, has been taken next to 
the original (Tp,,),-; see the analogous treatment of (3.62). In this operation we make use 
of a commutator as in (3.68). 

As an example consider the first order in the expansion of each resolvent in (5.3) and the zeroth 
order for the remaining quantities. For each first order term we keep the leading one 

! -cxir 1 +xir 1 )-r P ,„_ 1 



n P,n-\ H P,n-l Z " +1 

' - -m-1 , rm-l" - ' 



n P,n-\ z n+l n P,n-\ Z n+\ 



Then we proceed in two steps: 
1. We apply the identity 



1- 
1 



n P,n-i Z n+1 n P,n-\ 



+U\T 1 +I\ n n - l )i w+ - , , (5.10) 

H P,n~\ Z n+l 

to the second line in (5.9). The first term on the r.h.s. of (5.10) gives rise to sub-leading 
terms which can be handled with the help of the result in Claim i) of Theorem 3.12 
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(because we gain a factor cr n -\ from the commutator). The second term on the r.h.s. of 
(5.10) yields 

1 1 3 

(xir 1 + iV)-t p ^-— + ^(xir 1 +xir 1 ) 1 x cs.n) 

H P,n-\ Z " +1 H P,n-\ Z » +1 i=\ 

± 1 1 

x Qp, n -l ffW+ _ , ' ( T P,n-l)i w+ _ , (yP,n-\)i'^P,n-\ 
M P,n-l Z n+l M P,n-\ Z n+l 

1 1 3 

+ T7W- + C^r 1 +^ir 1 )-rp, n -l- WT +J \n~ l )iQpn- l X (5.12) 

^P.n-l Z " +1 H Pn-l Z " +1 i=l 

1 1 

x Qpn- 1 w+ _ , (!>,„- 1 )i w+ _ , (Tp,n- 1 )i' <pP,n- 1 • 

H P,n-\ Z n+1 H P,n-\ Z n+1 

2. As for the term proportional to Qp~ n _i (see (5.11)) we observe that the expression on the 
first line can be controlled using Lemma 3. 10. We re-write the two resolvents on the 
second line of (5.1 1) by means of the resolvent equation, i.e., 

1 _ 1 , , 1 2 

ztW+ Z ~~ zjW+ Z ~~ Z n) 7jW+ Z~* 

n P,n-\ 1 "+ 1 n P,n-\ Z 11+1 n P,n-l Z " 

+ ztW+ _ Z *- z n+i _ z ") tjW+ _ Z + zjW+ _ Z ' (5.13) 

n P,n-l Z " n P,n-\ Z " n P,n~l Z " 

As the rest of the expression can be controlled by means of Lemma 3.10, we focus on 
the norm of the vector (by using the identity in (5.13)) 

Qpn-l M w + l _ / ' ^P,n-l)i — w+ l _ , (Tp,n-l)i"Pp,n-l (5- 14) 

M P,n-\ Z n+l n P,n-\ Z n+l 

± 1 1 

" Qp,n-\ TrWl —> ' CT^«-l)i w+ _ (Xp, n -lh(f>P,n-l 
n P,n-l Z n n P,n-\ C n 

± 1 1 

+ Qp,n-\ rr W + _ Z ' ( r P-»-l)i rrW+ _ X 
n P,n-\ Z " n P,n-\ Z n 

X (Z n+l ~ Z' n ) w+ 1 _ (Tp,n-\)i><f>P,n-\ 
M P,n-l Z n 

+ Qp,n~lrj W+ — ' ( r ^-l)i„ W+ . X 

n P,n-l 1 n n P,n-\ Z "+ 1 



1 

X L(4n ~Z n ) w+ _ ■ ] (XP,n-l)i'<Pp,n-l 
M P,n-\ Z n 



zjW+ i zjW+ i (r.P,n-l)i ' Tjyf + , ^ P,n-\)i'^P,n-\ 

n P,n-l ~ Zn n P,n-i ~ Zn n P,n-\ ~ Z « 



i / / i / / 

1 Z Z n , r , 1 Z n+l i» ,„ . 

xZP,n-l TjW+ ~7~ ~ljW+ ~Z~ ' P >"- i}i H W + —> f/W+ __, (i P,n-\)i'9P,n-l 
n P,n~\ Z n n P,n-l Z " n P,n-l Z " n P,n-\ Z » 



/~t± ^ Z n+l Z n , r » 1 

+ Up.n- 1 T7iv+ T TTivT T U 1 H 



ZJW+ _ ,/ _ ,/ N "-ttW+ _ / 

n P,n-l z n n p„-\ <■ n n P,n-l z » +1 



7 - 7 

X I w+ _ - J (Lp.n-l),'^-! 
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, n ± \ r Z "+ 1 Z n -,2 rr \ L 

+ ^P,«-1 rr W+ , V tjW+ „/ J v 1 P,n-Di tjW+ 



H -7' i H w+ -7' ' zjw+ _ , 

"p,n-l Zrl+i "p,n-l Zn "p,n-l Z "+ 1 



r Z n+l Z n \ , 

X [ w+ _ , J {Tp,n-l)i'4>P,n-l- 

H P,n-l Z « 



,/)! i r Z "+ 1 Z " i2 (r \ . 



M w+ -7' , H w+ -7' H w+ -7' 

n P,n~l Z n+l n P,n~l Z "- n P,n-\ Z n 

7' - 7' 



Uh . (^P,n-\)i'<Pp,n-\ 



n P,n-\ Z » 

+ Qpn~l nW+ —, l*w + l ^( T P,n-l)i w ^ _ {Tp, n -l)i«Pp,n-\- 

n P,n-l Z » +1 n P,n-l Z » n P,n-l Z " 

The nonn of each term on the r.h.s. of (5.14) is bounded by c/cr 2 ^ for some universal 
constant c by making use of the two inductive hypotheses and exploiting the factors 
z' n - z? to compensate 

\ Q- 1 



TJW+ / ~r,n-i TJW+ , 

n P,n-\ Z ' !+1 "Pn-l Zn 

(restricted to T„-\) that are left. We note that w+ 1 , — stays always next to the projec- 

M p,„-r z "+ l 

tion Qp n _ x on the r.h.s. of (5.14), since {T P ^i)r(p Pfl -i = Qp n _ x (Xp,n-\)i'^p,n-\- More- 
over, 

H P,n~\~ Z »^ OVl 

for some universal constant c. 

3. As for the term proportional to (2p,,i-i(see (5.12)), we use twice Claim i) from Theo- 
rem 3.12 and the identity in (5.10). In fact, up to sub-leading terms proportional to the 
commutators, we can study 

11 3 11 

^(Xir 1 + +iV)i-nwr-_ — (Tp^-i>,-^— — Qp >»- 1 x 

} J= l M Pn-l Z "+ [ H P,n-\ Z « +1 

1 1 

X Qp < n ~ 1 r/W + —> {Ypn ~ 1 )i 'f/W + Z7' {YP ' n - 1 } '" (f ' P '"' 1 
n P,n-\ n P,n-\ 

* t <W 2 oi-i\\ HW+ 1 : (Tp^^tW \\ w+ 1 (r^-O.fc-ill x 



where Ep n _ { = Sp^-i + Acp|^ _1 . We obtain the desired bound by shifting z n +i to z n in the 
resolvents above with the help of formula (5.13) and making use of (3.56) and Claim i) 
from Theorem 3.12. 



If we consider higher order terms in the expansion of Qp ,(f>p n , sw^ . an d (f p n )i, we have 

to implement similar steps. More specifically, tool ii) will involve a product of /' operators 
(with 1' arbitrary large) as we have seen in Claim i) of Theorem 3.12. □ 
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Corollary 5.2. For \A\ < A^ ax , the following estimate hold true for some universal constant c 

II uyf 1 - 0>,»),fa„ll = 0{-j), (5.16) 
H Pn - hp n cr n 

" H w QP '° Vpji fjw 1 F (TpMpJ = (5-17) 

tl P,n~ t ' p < n tl P,n~ tLp > n ° n 

V 1 E E (rp '" ) '^ J = ° ( ^ } - (5 " 18) 

Hp„ - tLp,n tl p n - Zp A cr „ 

Proof. We start from the estimates in (5.1) and (5.2) to derive the implications below: 

1. If 

Qpn 1 1 

SUP 11 H ff _' W' nff _ , ( r P,»)i'0P,nll < — , (5-19) 

then, making use of the identity, 

1 r i i 

—W — (Tp,n)i>(pP,n = (D dz n+l ~ ~ — ^ —(Tp,n)i'4>P,n (5.20) 

we obtain ^ 

II y P '" (TjvO,- y 1 (I>,„),v#,„|| - ■ (5-21) 

2. Because of the orthogonality expressed in 

Qpn 1 
\<l>P,n, w (^P,n)i—^ —{Tp,n)i'(pP,n) = 

"P,n ~ Zn + l "P,n ~ Ep >n 

and due to the gap estimate in (3.5), (5.17) follows from (5.21). This can be easily seen 
in the spectral representation w.r.t. the operator Hp . 

By a similar argument, inequalities (5.16) and (5.18) are implied by 

sup ||— (TpnUpJ = <9(— ) (5.22) 

Zn+ieyp.n+i Hp n —Z n +\ °~n 

and 

SUP W-^r~_ rrW _ , ^P^i<l>PA\ = ( — )> 

z»+i.z,', + 1 eyp,»+i M p n H P,n Z n+\ °~ri 

respectively. □ 

It is a standard generalization to extend the previous construction and estimates to a con- 
tinuous infrared cut-off cr (see [Pi03]): 

Definition 5.3. We define the Fock spaces To- '■= r(L 2 (R. 3 \So-, d 3 k), ground state vectors <ppo- 
and $p a = ||^'°"n , unitary transformations Wp <a and expressions Tpa-. We also extend the 
definitions (3.19)-(3.22) to a continuous cut-off cr in a natural manner. In particular, we set 

Q^ a := 1 - I^X^I. (5.23) 

where 

*P,* := -^-T (5-24) 

\\4>P,<r\\ 
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Thereby we omit the details and directly state the results needed in next sections. 
Corollary 5.4. For \A\ < /l^ax- the following estimates hold true 

II w 1 ~ (Tp,o-)ifacr\\ = 0(4), (5-25) 
H Pa - tp jCr cr 

Kw^" V^i jrW 1 p EVWiVrll = 0(4), (5-26) 

\{ H ^ l _ E J vp*)itrA = O(^). (5-27) 
Corollary 5.5. For < /i^ ax , the following estimates hold true 

WdihA, \dfp\EpJ = 0(-^), (5.28) 

ll^d^J , I^Jlcrl ^ O(^). (5.29) 

Proof of Proposition 2.1: Concerning part (a), strict convexity of P i-> £p and P h-> can 
be obtained from Theorem 3.12 by following the reasoning from [FP10]. Estimate (2.8) is a 
consequence of (3.4). The first two bounds in (2.9) are standard (cf. [Pi03, FP10]). As for the 
bound on the third derivative, it follows from formulas (4.34), (4.35) and Corollary 5.5. 

As for part (b) of the proposition, the bound (2.10) follows from Corollary 5.5, the remain- 
ing part is standard (see [Pi03]). 

Concerning part (c), we recall that by Theorem 3.12, proof of Claim iii), 

\\<t>p, n+ y-<ppA<cW°-T~ 6 , (5-30) 

and therefore, by Claim iii), 

\\hn + i ~4>pJ\ <4c\A\*crl /4 - s . (5.31) 

Now we write 

\\fan + l ~ fell = \\W* p ,n + lfan + l ~ W* p J P J\ < ||(1 - Wp n W* Pn+l )0 P J\ + 4c\A\* cr^ ■ (5-32) 
By definition (3.6), we have 



117 117* / i fj3r iTiaf X[(r n ,K)(k) X[cr n+l ,K){k) 

Wp n W Pn+l = exp(-A d 3 k\k\ a \ — 

J {yf2\k\iap,n(k) yf2\k\*ap, n+1 (k) 



{b(k)-b*{k)}. (5.33) 



Making use of the fact that (see [Fr73]) 



A X ^ K) (k)W 1 „_„ 

KWpn = tt. — fe (5.34) 

^/2\k\ E P>n - \k\ - H P - k>n 

it is easy to see that 

\\(W P ,nW; n+l - \)4> P J < cU|of + c'\A\\VE Pin+1 - VE P>n \ 

< c\A\cr n + c \A\a[A cr n + " 



Up n+ l\\ Up J 
< c\A\cr" n +c'\A\c l [A 2 o- n + 4\A\ 1/4 o- 1 - 6 ], (5.35) 
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where we employ (3.46) and Theorem 3.12 for the steps from the first to the second and from 
the second to the last line, respectively. Thus we get 

II&VH-1 - <AiV.ll ^ c\A\ llA o-l (5.36) 

from (5.32) together with the constraints < a < 1/2 and < 6 < 1/4. Recalling our standing 
assumption on A, i.e., \A\ 1 ^ 4 < cs, and passing to a continuous cut-off in the standard manner 
(see [Pi03]), we conclude the proof. □ 



6 Bounds on the photon wave functions jjjjti, . . . , k q ) 
and on their derivatives up to second degree. 



In this section we prove Theorem 2.2. For the sake of clarity, first we provide a detailed proof 



in the case of ft (k). Then we extend our strategy to any q e N. 



Proof of Theorem 2.2: First, one notes that 



f P(T (k l ,...,k q ) = -^=(Q,b(k l )...b(k q )^ cr ). (6.1) 



There holds a formula from [Fr73] 



= vg(*)- h,n, (6.2) 

Ep n - \k\ - H P - k ,n 

where vZ(k) = x XM< " k) f ]l . By iterating this equality one gets 

" (2|*1)2 

[J ■ sk-o* n h^^vj *****'* <63) 

where n e y fl is any permutation of (1, ... ,q) and ; = . k n ., \k\ n ; - . \k n .\ (see [Fr73]). 
Part (a) and (b) of Theorem 2.2 follows from formulas (6.1), (6.3) and the support properties 
of vZ. Now we proceed to the proof of part (c). 

Proof of estimate (2.17). Case q = 1. 

First derivative of fp (k) 

Below we set 3, := dp r A straightforward calculation yields 

diflj® = di{a,b(k)h,o-) 

= -<"•» \ -TrM P ,aK(k) (6.4) 

H P - k>a - Epv + \k\ 

+{a > H \ ^u,S P ~ p f- k ~ ^Ep^i- 1 —— jr,h,c-K(k). (6.5) 

H P - k>a - Epo- + \k\ H P - k>a - E P<a . + \k\ a 

The term in (6.4) is bounded by O(-pjj^jr) because of (3.2) and the estimate in (5.25), i.e., 

1 v / 1 



H Pa .-E Pcr \cr 
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In order to show the same bound, i.e., 0(^$ j^jirrX f° r the term in (6.5) we distinguish two 
regimes. 

If \P — k\ > 1/3 then (6.5) can be bounded directly thanks to the estimate in (3.1) and the 
constraint on P, i.e., P e 5' = { P e M? | \P\ < 1/6 }, that yields \lc\ > \P - k\ - \P\ > 1/6. 

If \P — k\ < 1/3, we make use of: 

• The expansion of ipp^ truncated at second order, e.g., 

3 

2 



1 3 

= <PP-k,a ~ k • ^P'>pP',a\p'=P-k + r 2j k ' k ' ' d i d 'i4P',a\p'=P", (6.6) 



i,i'=\ 

where P" is some point between P and P - k and we write 

(6.5) = (O,- l - -(P-Pf-k-VEp^iX 

H P - Ko . - Ep^ + \k\ 

X H IT—TrM^M (6-7) 

+(Q ' H \ +\k\ (P ~ Pf ~ k ~ VEP ^ X 

np-k,cr ~ Epa- + \k\ 

1 (-)k ■ Vp4p,^\p, =P _ k )v!L(k) (6.8) 



Hp^ta- - Epa- + \k\ 



Hp- k ^ - Ep^ + \k\ 



X H \ +\J > Z ^W^^l^')^). (6.9) 

Hp-k,<r ~ Ep^ + \k\ I J—' 

i,i'=l 

• The estimates in (5.25), (5.28), and (5.29) for P' with \P'\ < ^, and the operator norm 
bounds that follow from inequality (3.1) 

11 H \ TTrM . " » f -ttX P -Pf-k- VEp^iWr, < (6-10) 

H P _ i>cr - E P>cr + 1*| " H P - K<T - Epa- + \k\ " \k\ 

Second derivative of fpjji) 

We shall prove that each term in the second derivative of fp a (k) can be estimated O(-^s-^jj). 
We set the definitions 

and 

7® := <Q, i (P -Pf-k- VE P(F )i <J/ Pa .)v-(k) . 

1 H P _ k>a - E P _ a + \k\ y Wl Hp. Ka - Ep >a - + |*| W a 

This enables us to write 

d v d i fj, >cr (k) = I«'' i) + I ( {'- i) (6.12) 
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with 

i .- o,>i 



and 



= (Q ' H \ + M {P ~ Pf ~ k ~ VEP ^' H \ (6 " 13) 

tip-k,<r ~ £<P,o- + W tipper - £<P,o- + W 

-(Q,- l - -d v dih,a)v^iK), (6.14) 

Hp-k,a - Epcr + |*| 



= ~(Q-Tr ~ -{P-Pf-k-VEp^i ' 



Hp-k,o- ~ Ep,cr + \k\ ' Hp-^o- - Ep t(T + \k\ 

X( P _ P{ _ k _ V£ Pi(r ), L -fa ta )v^(k) (6.15) 

H P - k>cr - E P ^ + \k\ 

+<^> ~ ~ didfEp^)- l - ^^^(^(6.16) 

Hp-k,o- - Epa- + \k\ a 
-<Q, -<P -Pf-k- VEp^) 1 



Hp- 


-k,(T ~ 


■ Ep^o- 
1 


+ |*| 


Hp- 


-k,(T ~ 


■ £>,o- 


+ |*| ( 




X(P 


-Pf 


- * - 






1 





-<n, -{P -Pf-k- V£p iCr ) 1 



Hp-k,a- - Epa- + \k\ 
1 h,o-K(k) (6.17) 



Hp-ka- - Epa- + \k\ ' Hp-k a - E P „ + \k\ 



Qpa 

* zj P (P-Pdi'Mv^ik). (6.18) 

Hp,a - Ep„ 



In the following we shall assume \P - k\ < 1/3 as for \P — k\ > 1/3 we can directly bound 
the operator norm of the resolvents thanks to (3.1). 

Control of (6.13) 
We observe that 

(6-13) = (Q,, — ttj l - -(P-P f -k- VEp^, - 1 g,-^)vg(fc)(6. 19) 

ffj^ - £ PjCr + |A:| H P , a - Epjr 

+<Q, — {P -Pf-k- VE PlT ) r x 

Hj_ k(r - Ep<r + 1*1 Hp. h a ~ E Pja - + 1*1 

x(// PiCr - #p_* >cr - |*|)- l — —difa^ik), (6.20) 

Hp,<T - ^P,cr 

where we have used the resolvent equation 



:(Hpo- ~ H P -k,<T ~ 1*1)- 



Hp-k,cr - Ep :(T + |*| Hp a- - Ep^ Hp-^a - Ep^ + \k\ " Hp a - Ep a 

(6.21) 

(Notice that the r.h.s. is well defined on djipp^). The first inequality in (3.1) implies the 
standard estimate 

1 (H P , a - H P . h(T - \k\)\\ n < C. (6.22) 



Hp-k a ~ Ep a + |*| 
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Finally, the estimate in (5.27) and (6.10) yield the bound Oi-^s-^jj). 
Control of (6.14) 

The bound O(-^^jj) follows straightforwardly from (5.29) and (3.2). 
Control of (6.18) 

In order to show the bound 0( ^/1^ ), first we use the resolvent equation in (6.21) and in- 
equality (3.1) as follows 

(6.18) 

= {a 'H T~ TW\ (P ~ Pi ~ k ~ VEp ^ H \ x (6 " 23) 

Hp-k,<r - Zp,ct + 1*1 tlpa- - tLp^ 

x(-) - I? ( p ~ Pf)i^P,o)v^{k) (6.24) 

np.cr - tLp,cr 

1 1 



H P . K<T - E P ^ + \k\ H P . h(T - Epv + \k\ 

1 Qpa 

X(Hp !(r - H P - h(r - |*|)- — (-) % (P - Pt)i^ P ,aK(k) (6.25) 

Hpcr - tLp^o- tlpa- - tLp^ 

<«. 77 ~ tt(^ -Pf-k- VEp a ) 1 



Hp-k,<r - Ep,cr + 1*1 #P,cr - 

X (-)7J — - p f - V£iv)^i> >( r>4(£) (6.26) 

+<Q, i-^ -(P -Pf-k- VE P>cr )i- l - -Mpjr - H P . h(T - |*|) X 

tip-k,cr ~ Epo- + \K\ np-k,o- ~ Eprr + \k\ 



i Qi 



P.ir 



(-) „ y-r (P - - V£ P , (r ) I v^ i(r )v^(*) (6.27) 



#P,o- _ Epcr Hp,<r - Epa- 

Both for (6.26) and (6.27) it is enough to invoke the inequalities in (6.10), (6.22), and (5.27). 
Control of (6.1 5), (6.16), and (6.17) 

Using the expansion in (6.6) we combine (6.15)+(6.17) with (6.16). 
(6.17) + (6.15) 

Hp-k,o- ~ Epa- + \k\ Hp-Ko- - Ep<r + \k\ 
X( P _ P{ _ k _ VEp^p-KaH t; 7j4(£) (6.28) 

fp-^o- - Ep^ + 1*1 



7J f ^ In ( p - p f ~ k ~ VEp^)? x 

tlp~k,<r ~ Epo- + \K\ np-^a- ~ Ep^ + \k\ 

x{P - P{ - k - VEp^- l - -(-)* • V P >fa>Ap-=P-k)vUk) (6.29) 

H P - Ka - Ep^ + \k\ a 

-(Q, l - -(P -P f -k- VE Pt0 -)i 1 



Hp-k,<r ~ Epo- + \k\ ' Hp-^cr ~ Ep^ + \k\ 

3 



X( P _ Pf - k - VE^- l - -1 V kT'^p^lp^yvZik) (6.30) 

H P - K(T -Ep^ + \k\2 a 
i,i '=i 
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Hp-to - E PiCr + \k\ H P - K(T - Epa- + \k\ 

X (P -p f -k- VE P>IT )i>fa- k ,aH T i7T4(*) (631) 

-<H, — (P -Pf-k- VEp^j — x 

Hp-k,a ~ Epa- + \k\ Hp-k,a - Epa- + \k\ 

x( p _ p f _ * _ VEp^,- l - -(-)* • Vp^Jp^p^vUk) (6.32) 

H P - k>a - Epo- + \k\ 

-<". 77 K T77( p -Pf-k- VEp^i ' 



Hp-k,o- ~ Epo- + \k\ ' ' Hp-k,o- - Ep )Cr + \k\ 

1 1 3 - - 

X(P _ Pf _ k _ VE^),- - V *#^fo*Jjv =7 „>vf:(*)(6.33) 

Hp-k.cr ~ c*P,cr + 1*1 ^ , , , 
i,('=l 

The terms in (6.29)-(6.30) and (6.32)-(6.33) are remainders that can be estimated <9(pj jj^jf) 
using (6.10), (5.27), (5.28), (5.29). More precisely, in (6.29) we shift the last resolvent on the 
right as follows 

1 1 



Hp~k,a - Ep,o- + \k\ Hp^k,cr ~ Ep-k,cr 

+ H \ + \k\ {Ep ^ ~ Ep ~^ ~ lkl) H l ~F i6M) 

Hp-k,cr ~ Zp,cr + 1*1 np-k,cr ~ Zp-k,o- 

use formula (4.13) for V ' p'tj/p\cr\p'=p-k and control the last resolvent on the right with the help 
of (5.27). The remaining resolvents in (6.29) can be estimated using the standard bounds 
(6.10). To control the second reminder term (6.30) we apply (6.10) and (5.29). 

Now we focus on (6.28) and (6.31): We split the term in (6.28) into two contributions 

(6.28) = -(&,- -Qp-kAP-Pf-k-VEp^t 1 



Up-k,<r ~ Epa- + \k\ ' Hp^ a - E P>a + \k\ 

X( P -Pf-k- VEp^p^)- l - -v£(*) (6.35) 

- E P%(r + \k\ a 

H V + \k\ Q±p -^ (P ~ Pf ~ k ~ VEp ^'h \ + \k\ X 

tip-k,cr ~ £<P,o- + 1*1 Hp-k,a ~ £<P,o- + 1*1 

X( P - P{ -k- VEp^p^)- -vUk). (6.36) 

E P - Ka - E P<a - + |*| a 

The term in (6.35) corresponds to 

Udid r Ep %CT \p'=p-k - SijW, fo-kr)[- l - TT^(k) 

2 Ep- k>a - - E P)Cr + \k\ a 

up to a remainder 0{-^ ^172) associated with the shifts 

• VEp^ -> VE P - k .cr, 

1 .1 



This remainder can be estimated by 0(7^7^372) by invoking (5.25) and (5.28). 
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The term in (6.36) corresponds to 

-<H, l — Qj,_ k jp -Pf-k- VE P . k ,<rh 1 



Hp-k,cT ~ Ep-k,cr '°~ " Hp-k,CT ~ Ep-k,cr 

X( P - Pf -k- WEp.^p^)- l - -v£(*) (6.37) 

E P _ Ka . - E Pt<r + \k\ a 

up to a remainder O(-^^jf) associated with the shifts 

• VEp^ -> VE P . k 

1 . I 



Hp-k.a--Ep^+\k\ Hp- kp --Ep- kja -> 

that we estimate by invoking (5.25), (5.26), (5.27) and (5.28). The term in (6.37) is seen to be 
0(^^72) due to (5.26). 

Analogously, we split and control the term in (6.31): 

(6.31) = UdidrEr^p-k-SijXa^p-k^i- ^fv^(k) (6.38) 

2 E P - k>a - Epo- + \k\ 

1 1 

Next we reorganize the term in (6. 16): 

(6 - 16) = { ^'h l -^Tm (hi '- didi ' Ep ^H ~f — +W\^ p ' (r ^ ( ® 

tip-k,cr ~ Ep >cr + \k\ tip-^a ~ E P>a + \k\ 

= < n ' 77 1? [77 O^m' - didrEp^)- L & P _ ka ) v <L{k) (6.39) 

Hp- k>a - E P>a + \k\ Hp-k,a ~ Epo- + \k\ a 

77 75 77 (<V - didi'Epa-) X 

np-k.o- ~ Ep tCr + \k\ 

x 77 ~p m(->* ' Vp'fa',<r\p>=p-k)v%(k) (6.40) 

Hp- k ,<T ~ Epo- + \k\ a 

+ <°> 77 ~B TTltfif ~ didi'Ep^) X 

np-k.o- ~ Epo- + \k\ 



* H '^ + 1*1 ^ (6-41) 



i,i'=l 

Notice that 

• (6.39) equals 

1 



(<V - dfaEpjrXa, <jfp-k,o-)[- ^ 7T] 2 4W- (6-42) 

Ep- Ko - - Ep^ + \k\ a 



(6.40) has the form 



77 -7; TrX s i,i' ~ didi' E P,o-)- 



Hp-k,o- - Epo- + \k\ ' Hp-k,a- - Ep-k,o- 



x (-)k ■ Vp><ffp>,<r\p>=p-k)v%(k) (6.43) 



1 1 

+<^, 77 7; rrX S W _ didj'Epa-)- 



H P -k,o- ~ Ep i(T + \k\ ' ' H P - K cT ~ Epo- + \k\ 



x(E Pjr - \k\ - Ep-k.a)- — (-)k ■ V P 'h\cr\p'=p-k)v^{k),^M) 

Hp-Ka ~ Ep-k,cr 
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where both (6.43) and (6.44) are estimated O(^j^j) due to (5.27) and the standard 
estimates in (6.10). 



(6.41) is estimated Oi-^wL) by invoking (5.29) and (6.10). 



Finally, we observe that 

(6.39) + (6.35) + (6.38) = (<9^£p>|p-p-* - d^Ep^n, ijj P - h(T )V- l - rrA^k) 

E P - k>a - E P ^ + \k\ a 

(6.45) 

is Oi y^k^z ) due to (5-29). This concludes the proof in the case q - 1. 
Proof of estimate (2.17). Case q>\. 
We start from the formula 

n = ^K-D' fi ,-' £f , +H ,/ ^»)fe^. 

;=1 ffSy, ;=1 r ^ ,cr 1 m 'J 

where /r e % is any permutation of (1, . . . , q) and k n j = E/ = ; ^/ > l&kj = Z/=/ 1^/ 1- 
We want to prove that 

9 n'y q i 

iaj<n, fl WA/v>l < — Y fl ^4^0)) ( 6 - 46 ) 

for = 1,2 and some D > 0. Then, with the help of the combinatorial identity from [Fr73] 

we obtain the required bound. 

First derivative of Jp* (k\, . . . , k q ) 
The first derivative reads 



di(n,Y]b(kj)if,p >(r ) (6.48) 
= < Q > Z ( - 1)<? fl 77 1 + . H ^fe0))^> (6-49) 

1 i 

x(P - P f - ^ - V^rffl — vZ(k nU) )}if,p >(T ) (6.50) 

j=n H P-**J<<r ~ tp ><r + l*k/ 

= J? + X<- 1) * fl Z i 8 M (6-5D 

Trey, «=1 
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where we set by convention [Yl°j = \ ■ ■ ■) - 1 an d define 



x(P - P f - ^ >n - V^Mfl v ^ {kn(f) )}^ P(T ). { 6.53) 

j = „ H P-k„,j,o- - Zp,cr + 

The study of (6.52) and (6.53) is analogous to (6.4) and (6.5), respectively. In the case of 
(6.53), unless |P - k n j\ > 1/3, we use repeatedly the expansion in (6.6) until the leading term 
in this expansion stays next on the right of (P - Pf - k nfl - VEp iCr )i. Then we apply (5.25). 
Notice that if \P - k n j\ > 1/3 we can stop the procedure, since the inequality in (3.1) is enough 
to control all the resolvents that are on the left and can provide an estimate of the form (6.46). 
Altogether, there follows the bound 



D q 1 

Mn, Y] b{kj)^)\ < -j £ n iF"^ feo)) ' (6 " 54) 

7=1 ney q j=l l7r ^ 

which, together with (6.47), gives the required bound for the first derivative. 

Second derivative off^ Jki, . . . , k q ) 
The second derivative is 

q q 

dfdiiO, Y] mWp*) = d„l® + £ (- £ 8,1%. (6.55) 

1=1 n€y q n=\ 

Now we make each term in (6.55) explicit: 

• The first term on the r.h.s. of (6.55) has the form 

ney q n=\ 

where 



and 

€1 ■= <Q.<n WTT-^W^Tf ^ 



1 



, l Hp-k nJ ,cr - Ep yCT + \k\ n j a Hp~knj,,<r ~ Epcr + \k\nfl 

x (P - P f - k^ n - V%) f {f] 77 p f7T-v^fe (Z) )}5^ P)(r ). (6.58) 

11 H P - knh(T - Epa- + \k\ nJ 
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The second term on the r.h.s. of (6.55) is given by 

n-l q 



1=1 Un+\ 



dftil = 42 + 2 J in,l + Z J ln,l + An + (6-59) 

where 

7=1 

n-l ? 



l-l 



j=l j=n 
n-l 

J ln,l ■= -<°' (YlRjV-foodWniP ~ Pf ~ K,n ~ V^); X 
7=1 

l-l q 

X^RjV^ikn^RiiP -P f - k nJ - VEp, a )AY[ RMK^Mp^) 



j=n j=l 
n-l 

J\ n l := -<Q, { \\ Rj V Z(k n(I) )}R n (P - P f - k n , n - VEp^r x 

7=1 

1 

XP„(P - Pf - k„,„ - VEp^AWRj^nd^P^) 

j=n 

n-l 

-<Q, {Y\Rj^(k nU) )}R n (P - P f - K fl - VE^ x 

7=1 

9 

xR n (P - Pf - k^ n - VEp^) r {Y[RjV^{k nU) )\iljp^) 



j=n 

n-l 



7=1 7=" 



with 



P 7 := — — . (6.60) 

Hp-k nJ ,cr - Ep^ + \k\xj 

We note that the term I - n does not appear in the sum over I in (6.59) because it is incorpo- 
rated into J 3 n .. Such organization of this expression is important to exhibit the cancellation, 
which we have seen already in the case q = 1 in (6.45) above. 

Control of (6.57) and (6.58) 

These two terms can be controlled by similar steps as (6.13) and (6.14), respectively. 
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Control of (6.59) 

In order to bound each term in 

n-l q 

1=1 n=l 

we mimic the steps used in the case q = 1 : 

For the term I\' ' we repeat the steps used to control (6.18). 

As for / ,, J 2 , we implement the procedure used (only one time) for (6.15) and (6.17). 
This means that, unless |P - k n j\ > 1/3, we repeatedly exploit the expansion 

1 3 ■> 

2,i'=i 

(where P" is some point between P and P - k n j) until the leading term of the expansion, 
^p-k nj ,cr, stays next to the first (P - Pf - k n< „ - \Ep^)i>. (If \P - k n j\ > 1/3, we can stop the 
procedure, since the inequality in (3.2) is enough to control all the resolvents that are on the 
left and can provide an estimate of the form (6.46)). The terms originating from the expansion 
in (6.61) as well as the final term are controlled with the help of (5.25)-(5.27). 

Concerning j\ n , J% n we proceed as for the terms (6.15)+(6.17) by making use of a crucial 
cancellation. First, using the expansion in (6.61), we manipulate the expression 

«-i 

4J'° := -<n, { Y] RjV^(k n{j) )\R n {P - Pf - k^ n - VEp,^, x 

7=1 

9 

x R n (P - P{ - k^ n - VEp^iiYlRfi^tMWpjr), (6.62) 

j=n 

until we get the expression below plus a remainder Z^ey, 0^ = i jip v ^(^(7'))) controlled 
with the usual ingredients, seen in the case q = 1. 

n-l 

-<Q, [YlRjV^^WniP - Pf - k n>n - VEp >cr )i>R n (P - Pf - K.n ~ VEp^P-^cr) X 
7=1 

x f] 1 vgfe 0) ) (6.63) 

n-l 

= -<Q, RjV^(k n{j) )}R n Qp-k„,„A P ~ p f ~ ~ VEp^i' x 

7=1 

C! 1 

xR n (P - P f - K,n ~ VEp^Wp^^) n -v^feo-)) ( 6 - 64 ) 

;=„ L P-kx(jh<r ~ L P<r + 1^(7)1 

n-l 

-<Q, {[~[ ^fc 0) )}i?„e^_^ ;£r (P - Pf - - VEpjr)? X 
7=1 

- 1 

xR n (P - Pf - ^ - VEp^iiffp^o) M rv^feo-)). (6.65) 

}=„ e p-K(j>°- ~ tp ,°- + 
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The sum of the term (6.64) and its companion from j^ 1 ) give 

n-l q ^ 

j = { ) = n t P-h { j ) ,<r ~ t P ^ + \k n{j) \ 

(6.66) 

Term (6.65) and its companion from Jp£' ) can be estimated by Yunay q II y =1 jlf - v ^fe(y'))) 
with the help of (5.26). As for J ,, an analogous procedure yields the identity 

4,n,i = (cJ^v - 3 £ 5^ P>cr )<Q, {fj /f^feo-))}^^^^) f] 1 v£fe 0) ) 

^zfl^M- <667) 

Finally, using (5.29) we can estimate 



\didi>Ep- kiiiu(T - didrEp^ < O^-^prj 
and, consequently, 

(6.66) + (6.67) = ^ ["J J-vg fe 0) )). (6.68) 

which concludes the proof of estimate (2.17). 
Proof of estimate (2.16). 

Proof of this estimate is elementary, in particular it does not require the bounds from Corol- 
lary 5.4 and Corollary 5.5, but only standard resolvent estimates. We include it here for com- 
pleteness and as a preparation for a slightly more involved proof of estimate (2.18). 
We recall again from [Fr73] that 

1 q 

fljk\,...,k q ) = —(n,r\b(kj)h,<r) 

(-!)« f FT 1 



V (afl- vgfeo))^) , (6.69) 

where y ? is the set of permutations of an ^-element set and for any n e y q we set k„j = 
Y^j^jknif) and \k\„j = Xf =j We define 

I x := (v^)...v^))(an- — ^). (6.70) 

The first derivative of this expression w.r.t. ki has the form 

3,1, - (vjft) . . . a^m . . . WXft fj gp^-L^W,/ ^ 
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The second derivative of l n is given by 

4{(«h) . . . e^m . . . <«. fl 1 - fa,) ♦ ii ~ n) 



7=1 



4{vg(*i) . . - v£(^% <Q, Y] 7T 1 ... h*)- (6-72) 

Let us denote by (d^In) the first term on the r.h.s. of (6.71). Making use of the fact that 
\d^[a-,K){h)\ < cxio-,K,)(k) and \d^d^Xw,K){h)\ < cxw^ik) we obtain that 

\d k ,v-(ki)\ < —A — in1/9 , (6.73) 



\k,\ {2\WI 2 ' 



ia a era \\ ^ C ->Xl(rjL.)(hi)\klV . 

\dpOy>v-(ki)\ < — -A — — . (6.74) 

k, k, «V (2^1)1/2 

Moreover, using (6.10), we obtain 

Now let (3/t,/ ff ) (2) be the second term on the r.h.s. of (6.71). Let n,j be s.t. I e {n{j),n{j + 
l),...,n(q)}. Then 



1 



^ Hp-k„j,cr - Ep^ + \k\ n j , 

= (n \ - ^ - Pf) - 1 TTTi )- (6 - 76) 

V Hp-k„,j,o- ~ Ep,<t + \k\„j J \ H P - kirp0 - - Epo- + \k\ nJ I 

(For I g {n(j),7r(j + 1), . . . ,n(q)} the above derivative is zero). Consequently, making use of 
standard resolvent bounds (6.10), we obtain 



Hp-k„j,cr - Ep i(T + |&|^ 



^ -^[cr, K )feo'))fco')r c 

< C y [t r,^)fe(i))l^(y)F 1 



where in the last step we exploited the fact that I € {n(j),n(j + 1), . . . ,n(q)} which gives 
\kl\ ^ \k\n,j- Thus we get that (di q In) (2 ' > also satisfies a bound of the form (6.75). Hence, 

l(d ^^W\l\\ A (2iw /2 IHg (6 - 79) 

Now making use of (6.47) we conclude the proof of (2.16) in the case of = 1. 
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To cover the case = 2, we still have to estimate the second derivative of the resolvent, 
appearing in the last term of (6.72). We obtain from (6.76) that 



dk ' dk {H P ^ Unp(T -Ep^ + \k\ n ) 



l 



+ 



' \H P - kn] ^ - Epo- + \k{ 

(__L__) ((P _ Kl _ P[) _ , m ,{ St; (- 

1 



Hp-k„ h (T - Ep^ + \k\nj, 



1 



+ 



P-k nJ ,a- - Ep tCr + |&|„. j / 
1 



Ip-kxj,^ - Ep,o- + \k\n,j I \Hp-k Ej ,cT - Ep^ + \k\ n ji 

From this expression and formulas (6.10), (6.78), we obtain that 

1 



(6.80) 



Hp-k„, h o- - Ep tCr + \k\ n j 



< c X[o-,K,)(k 7 t<j))\k 7lU) \ a 1 
- \k t \ 2 (2fc a) |) 1 /2 1^/ 



(6.81) 



Now let jt and ji , j 2 be s.t. / € {n(Ji), + 1), • • • , n(q)} and I € [n(jz), n(J 2 + 1) tt(^)}. 

Then, making use of (6.78), we get 



I4fe 0l) )ii4fe 02)) | 



1 



l \Hp-kn ,, ,cr - Epn- + \k\„. 



•■I I 



{ 



l 



Hp-k„ h ,cr - Epn- + \k\ n . 



n ■ 



< C l X[o-,K,)(knU l ))\ k ^j l )\ a 1 1 

- |£,| 2 (2fc( jl) |) 1 /2 1^ (2fe (A) |) 1 /2 \k\ n 



(6.82) 



,/2 



Now we use formulas (6.81) and (6.82) to estimate the last term on the r.h.s. of (6.72). The 
remaining terms are estimated with the help of (6.73), (6.74) and (6. 10). Altogether we get 



'w^n 



X[a-,K,)(kj)\kj 



a, 1 



i i 



(6.83) 



;1 (2|tyD 1/a ') HAL,/- 

Making use of (6.47) we complete the proof of (2.16) for = 2. 
Proof of estimate (2.18). 

We recall that I n is defined by (6.70) and, in view of (6.69), it suffices to consider the expression 

i 



d P ,.d k ,I n = (v£(*i) . . . d k f-(h) . . . v^(k q ))d pi >(n, Y] 



1 



j = \ Hp-kxj.cr ~ Ep^o- + \k\ n j 



<Ap, C r> (6.84) 



■(^ 1 )...£(y)^^n,f] F 



j = \ Hp-k n j ,o- - Ep <a - + \k\„j 

The expression on the r.h.s. of (6.84) satisfies the bound 



far). (6.85) 



l(6.84)| <^n(A 



cq FT / M^.)(kj)\kj\ 



a\ 1 



feiyv (2i^i)i/2 /yi^ 



2 i 



(6.86) 
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which is obtained analogously as the bound (6.54) above taking into account (6.73). Now we 
consider expression (6.85). There holds 

= fl H J + \k\ dp "^ } (6 - 87) 

+ ^<n,«v{f]- 1 W). (6.88) 

As for the term (6.87), it is estimated analogously as the second term on the r.h.s. of (6.71), 
making use in addition of (5.28). We get 

j- 1 

Now we consider (6.88). We get (cf. formula (6.50)) 

- 1 1 

(6.88) - V du(Sl, {M } x 

^ ' ) = \Hp^-E P ^ + \kUyH P . k ^-E P ^ + \k\ n , n 

q 1 

X(P - Pf - k^ n - VE P(T ), { F[ — }],p,<r). (6.90) 

We divide this expression into three parts 

<6.88) = |>, a^fl ^ _ ^ - ^ ) ^ _ ^ - ^ } x 

9 1 

x(/> - A- - k n , n - VEp^dT] TJ ~ i7T-}^,«r> (6-91) 



5>«<n 



"-' i . i 



y_f Hp-k nJ ,<T ~ Ep^ + \k\ n j Hp-k nj ,,o- - Ep <a - + \k\ n<n 



+ 

n=l 

1 j 

xmFItt J7 ^ (6 - 92) 

+ 2<».(n 



Hp-k nJ ,<T - Epo- + \k\ K j Hp-k EJ ,.o- ~ Ep^ + \k\ n/l 

q 1 

x(P -P f - k nfl - VEp^d^iY] - [77-}^), (6.93) 

' L . 1 tlp- k & - Epcr + \K\„ j 

j=n "J< > 'J 

where we assumed that / e {n{n), . . . ,n{q)) (otherwise (6.92) and (6.93) are zero). As for 
(6.91), we note that 

n-1 l l 



j = \ Hp-knjjr - Ep,cr + \k\ n j Hp-k nJu(T ~ Ep^ + \k\ n ^ n 
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= ^fjj_) \ , (6 . 9 4) 



7=1 

(cf. (6.76), (6.10)). In (6.94) the equality holds on T a and 0{. . .) refers to the norm on B(To). 
Moreover, 

1 q 1 

=c &tlw) (695) 

where we argued as in the discussion after (6.53) above and 0(. . .) in (6.95) refers to the norm 
on To-- Altogether 

By applying only the standard bounds (6. 10) we get 



|(6.92)| < — M — . (6.97) 

Expression (6.93) requires more careful analysis: We write 

1 q 1 
— — — (P - P f - k n>n - VEp^mY] -tt^-Hp^ 

Hp-kn, n ,o- ~ Epo- + \k\ n>n AJ Hp-kxj,* ~ Epv + \k\ nJ 

q' m-l q 
= R n {P -Pi- kn, n - VE P>0 ) V 2 { ]^/? ; }/? m ((P - k n>m - Pi) - kl/lkUYlRj}^ 

m=n j=n j=m 

(6.98) 

where q' is s.t. / = n(q'), Rj is defined in (6.60). We apply repetitively the expansion 

1 3 , 

<A/v - typ-k n ,j,cr - Kj ■ vp'*/fp>,<r\p'=p-k K ,j + 2 2 (kxjy^jy'd'A'fip'^p^p" ( 6 -") 

l,l'=l 

until we get 

m-l 

(6.98) = fl n (P - P f - - VEp >a .)i, Yj { ]~[ P ; }P ffl (P - K,m ~ Pf ~ VEp^^ixj/p^^ x 

m=n j=n 

xOic q 

j=m 

q' m-l 

+R n {P - P f - K# - VEpjJr J { [~[ RjlRnCVEp-^ - ^l\ki\)xl/p- kn ^a x 



:O ('" , nsb) (6 ' l00) 



m=« y=« 

9 



xo ( c, niB (6 - ioi) 



;='« 



+ tf(£lJ_fjJ_), (6.102) 
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where we added and subtracted VE P _^ (0(. . .) in (6.100) and (6.101) are just numbers, 
i.e., refer to the norm in R, whereas 0(. . .) in (6.102) refers to the norm in To). As for (6.100), 
we apply the bounds 

Wm(P ~ K,m -Pi- VEp-^Wp-^jrW * 4' ( 6 " 103 ) 

\\R n (P - P f - k n , n - VEpo.)?\\r < , (6. 104) 

where (6.103) follows from (5.25), (4.10) and a shift of the resolvent R m as in (6.21) and 
(6. 104) is a standard resolvent bound. Thus we get 

Concerning (6.101) we can write 

q ' m_1 / c q q 1 

(6.101) = R n (P - P f - k n , n - VEp,^, J] { \\ RjM'J'p-k^ 0\^- \\ —J, (6.106) 

m=n j=n j=m 'J 

where 0(. . .) in (6.106) is a number. This expression can be estimated analogously as (6.53) 
i.e., by iterating the expansion (6.99), applying \VE P -k nn ,cr - V£> i0 -| < c\k n , n \, and estimating 

Wn(P ~ K,n ~ Pi ~ VEp-^^P-^J < — (6.107) 

Thus we get |(6. 101 )| < g U% n ffi" which > to § ether with ( 6 - 105 )> § ives K 6 - 98 )l * W\ pfc- 
This implies that 



i(6.93)i < — n — . 

\h\ ) = \ \k\n,j 



(6.108) 



By substituting (6.96), (6.97), (6.108) to (6.88) we obtain 

g 



|(6.88)| < I! — , (6.109) 

\k\ 1 f \k\n,j 
7=1 

which, together with (6.89) concludes the proof of estimate (2.18). □. 
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